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A new theory of closed orientable superstrings is constructed as a chiral combination of the 
closed D = 26 bosonic and D = 10 fermionic strings. The resulting ten-dimensional theory is N = 1 
supersymmetric, Lorentz invariant, and free of tachyons. An alternate formulation where sixteen 
of the bosonic coordinates are replaced by fermionic coordinates is presented and used to construct 
a manifestly Lorentz covariant and reparametrization invariant action for the theory. The theory 
is consistent only for gauge group Spin(32)/Z2 or Eu x Ea. 

I.  Introduction 

C o n t e m p o r a r y  a t t empts  to const ruct  unif ied field theor ies  have largely focused 
on the search  for  new and  h idden  symmetr ies  o f  nature.  The  most  p romis ing  o f  
these are b a s e d  on the beaut i fu l  supe r symmet r i c  ex tens ion  o f  Poincar6 invar iance  
and  on the revival  o f  the  ideas  o f  Ka luza  and  Klein  o f  h idden ,  c o m p a c t  spa t ia l  
d imens ions .  These  ideas  have the potent ia l  o f  p rov id ing  a f r amework  for a t ruly 
unif ied theory  o f  gravi ty  and  matter ,  which can p rov ide  an exp lana t ion  for the 
known  low-energy  gauge  theory  o f  mat ter  and  pred ic t  its full par t ic le  content .  Within  
the  f r amework  o f  o rd ina ry  field theory,  however ,  these a t t empts  have reached  an 
impasse .  Firs t ,  they do  not  p rov ide  a cure for the non reno rma l i zab i l i t y  o f  quan tum 
gravity.  The re fo re  new physics  must  a p p e a r  at the Planck length. Even if  one ignores  
this p r o b l e m  and  focuses  on the low-energy  s t ructure  o f  such theor ies ,  it appea r s  
to be imposs ib l e  to cons t ruc t  real is t ic  theor ies  wi thout  a great  loss of  predic t ive  
power.  In o rde r  to genera te  the observed  spec t rum of  chiral  fe rmions  it appea r s  
necessary  to re t rea t  f rom the most  ambi t ious  K a l u z a - K l e i n  p rog ram,  which would  
un ique ly  de t e rmine  the  low-energy  gauge g roup  as i sometr ies  o f  some c ompa c t  
space ,  and  in t roduce  gauge  fields by hand  [1]. F ina l ly  no real is t ic  and  compe l l ing  
mode l  has emerged .  

Str ing theor ies  offer a way out  o f  this impasse .  They  are based  on an eno rmous  
increase  o f  the n u m b e r  o f  degrees  o f  f r eedom,  with a c o r r e spond ing  en la rgemen t  
o f  the s y m m e t r y  g roup  o f  nature.  It has been  c lear  for some t ime that  the ten- 
d imens iona l  supers t r ing  prov ides  a consis tent ,  finite theory  which has as its low- 
energy man i fes t a t ion  t en -d imens iona l  supergrav i ty  [2]. However ,  in o rde r  to genera te  
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the observed chiral fermions one must start with a chiral string theory which has 
potential anomalies. Until recently the only known anomaly-free chiral superstring 
theory was that of orientable, type II, N = 2 supersymmetric closed strings [3]. This 
ten-dimensional theory does not contain Yang-Mills interactions; it is unlikely that 
they, together with the known fermions, could emerge upon compactification. The 
recent discovery that nonorientable, type I, open and closed superstrings with N = 1 
supersymmetry are finite and anomaly free if the gauge group is SO(32) [4] has 
increased the phenomenological prospects of  unified string theories. 

The anomaly cancellation mechanism of Green and Schwarz can be understood 
in terms of  the low-energy field theory that emerges from the superstring, which is a 
slightly modified version of D = 10 supergravity. The dangerous Lorentz and Yang- 
Mills chiral anomalies cancel if and only if the gauge group of the theory is SO(32) 
or Es x Es. The ordinary superstring theory cannot incorporate E8 x Es. However 
the apparent correspondence between the low-energy limit of anomaly-free super- 
string theories and anomaly-free supergravity theories suggests the existence of a 
new kind of string theory whose low-energy limit would contain an Es x Es gauge 
group. This is the motivation that led to the construction of the heterotic string. It 
is of more than academic interest to construct such a theory, since the phenomeno- 
logical prospects for an E8 x E~ theory appear to be much brighter. 

In the standard formulation of string theory gauge groups are introduced by 
attaching (Chan-Paton)  labels to the edges of open strings [5]. This procedure can 
only yield, in a consistent theory, the gauge groups SO(N) and Sp(2N);  it cannot 
produce E8 x E8 [6]. Alternatively one might hope to obtain a gauge group from the 
compactification of a closed string theory, h la Kaluza-Klein. Such a possibility 
was suggested to us by the construction due to Frenkel and Kac of representations 
of Kac-Moody algebras in terms of string vertex operators [7]. The heterotic string 
theory is a theory of closed strings, in which the compactification of sixteen internal 
dimensions produces the gauge group SO(32) or E~ x E~*. 

Another motivation behind the construction of the heterotic string was the search 
for new consistent string theories. Previously known string theories are the bosonic 
theory (the Veneziano model) in 26 dimensions and the fermionic, superstring theory 
in ten dimensions. The new string theory is constructed as a chiral hybrid of these. 
The possibility of doing this for closed strings becomes evident once one realizes 
that the physical degrees of  freedom of closed strings are two-dimensional massless 
fields - the transverse coordinates (and their supersymmetric partners) of the world 
sheet of a propagating string. These fields can be separated into right and left movers, 
even in the presence of string interactions. 

For the consistency of the string theory it is necessary and sufficient that each 
sector be separately consistent. Thus the heterotic string is constructed as a combina- 

* The observation that rank 16 is equal to the difference of the 26 dimensions of the bosonic string 
theory and the 10 of the superstring was made by Freund [8]. 
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tion of the right-moving coordinates of  the ten-dimensional superstring and the 
left-moving coordinates of  the 26-dimensional bosonic string. This yields a theory 
which is Lorentz invariant in D = 10 and which has appealing features not found 
in either theory separately*. 

In this paper  we shall construct in some detail the free heterotic string. In sect. 2 
we present an operator construction using light-cone gauge quantization. Much of  
this is simply putting together the bosonic and fermionic string components.  The 
new feature is the treatment of  the 16 internal, left-moving, bosonic coordinates. 
We show that these must, for consistency, be compactified on a particular torus. 
This compactification leads to a set of 496 massless vector bosons. Some of these 
(16) can be thought of  as ordinary Kaluza-Klein gauge bosons corresponding 
to the 16 isometries of  the torus; the others (480) are massless solitons. Together 
they fill out the adjoint representation of G = Es × Es or G = Spin(32)/Z2. We show 
that the theory is free of  tachyons and exhibit the massless states and the first 
massive excitations. We demonstrate that the theory is Lorentz invariant, N = 1 
supersymmetric and that all the states form unitary representations of  the gauge 
group G. 

In sect. 3 we present an alternative formulation of the heterotic string theory in 
terms of internal fermionic coordinates. This amounts to a "fermionizat ion" of  the 
internal coordinates, with minor complications due to the finite length of the closed 
string. This formulation has some advantages, particularly in setting up a manifestly 
covariant formalism. In sect. 4 we show that one can describe the heterotic string 
in a covariant fashion, with no anomalies. Sect. 5 consists of  some concluding 
remarks. 

In the following paper  [9] we shall discuss the interacting heterotic string, construct 
the vertex operators for the emission of massless strings, calculate various tree and 
loop amplitudes, derive the low-energy field theoretic limit of  the theory, and verify 
that it is finite. 

2. Construction of the free heterotic string 

In this section we shall present the operator  formulation of the free heterotic 
string in light-cone gauge. Before proceeding let us review the philosophy behind 
the construction. 

Noninteracting strings are constructed by first quantization of an action given by 
the invariant area of  the world sheet swept out by the string, or by its supersymmetric 
generalization. The reparametrization invariance of the classical action permits one 
to choose a "gauge"  in which the timelike parameter  of  the world sheet, r, is 
identified with light-cone time, X÷=x/~ ( X ° + X g ) .  In this light-cone gauge the 
theory reduces to a two-dimensional free field theory of the physical degrees of  

* Thus the name "heterotic". 
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freedom (the 24 transverse coordinates, X' ,  of  the bosonic string or the 8 transverse 
coordinates, X i, and their fermionic partners, of  the superstring) subject to con- 
straints. This procedure is only valid, however, in the critical dimension of 26 for 
the bosonic string and 10 for the superstring. In other space- t ime dimensions the 
existence of anomalies implies that the conformal degree of freedom of the two- 
dimensional metric does not decouple [10]. If  this degree of freedom is ignored 
then there is a breakdown of world-sheet reparametrization invariance [11]. 

In the critical dimension the physical degrees of  freedom, being massless two- 
dimensional free fields, can be decomposed into right and left movers, i.e. functions 
of  ~ ' -o-  and r + tr respectively. If we consider only closed strings then the right- 
and left-moving modes never mix. The separation of these modes will persist even 
in the presence of interactions, as long as we consider orientable world surfaces. 
This is because interactions between closed strings are constructed, order by order 
in perturbation theory, by modifying the topology of the two-dimensional world 
sheet on which the strings propagate. In terms of the first quantized two-dimensional 
theory, however, no interaction is introduced; the right and left movers still propagate 
independently. Thus there is no obstacle to treating the right movers and the left 
movers differently, as long as each sector is separately consistent. This is the idea 
behind the construction of the heterotic string, which combines the right movers 
of  the superstring with the left movers of  the bosonic string. It is necessarily a 
theory of  closed orientable strings, since open string boundary conditions would 
mix right and left movers, and since one can clearly define the orientation of such 
a string. 

In this section we shall construct the heterotic string in light-cone gauge and show 
that it is indeed consistent, Lorentz invariant, supersymmetric and free of  tachyons. 
The only subtlety arises in the quantization and compactification of the sixteen extra 
left-moving bosonic coordinates. An alternate version of the heterotic string (see 
sect. 3) can be given in which these coordinates are replaced by 32 fermionic 
coordinates. This formulation allows one to construct a manifestly covariant form 
of the action, as will be shown in sect. 4. 

2.1. THE PHYSICAL DEGREES OF FREEDOM 

The physical degrees of  freedom of the right-moving sector of  the fermionic 
superstring consists of  8 transverse coordinates X ' ( T - c r )  ( i = 1 - ' - 8 )  and 8 
Majorana-Weyl  fermionic coordinates S ~ ( ~ ' - o  ") [12]. The physical degrees of  
freedom of  the left-moving sector of  the bosonic string consist of  24 transverse 
coordinates, X'(~" + o') and X t (~. + o-) (i = 1 • • • 8, I = 1 • • • 16). Together they com- 
prise the physical degrees of  freedom of the heterotic string. The eight transverse 
right- and left-moving coordinates combine with the longitudinal light-cone coordin- 
ates X ~ ( r ,  or) to describe the position of the string embedded in ten-dimensional 
fiat space-t ime.  
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The dynamics of the free heterotic string is governed by the light-cone gauge 
action ( a  = 1, 2)  

S =  - d'r do" 1 [O~,X i~ X +O,,X O X + i S 7  (3,+O~,)S ] (2.1) 
47ra' 

where S is a ten-dimensional Majorana-Weyl spinor, with components  S °, i.e. 

y+S = hS = O, 

h --- ~(1 + y , , ) .  (2.2) 

(From here on, unless otherwise noted, we shall work in units in which the string 
tension To= 1/27ra' = 1/Tr and follow the notation of ref. [12].) The coordinates X ' 
will contain both right movers, X ~ ( r -  o.), and left movers, X ' ( r  + o.); however, we 
must impose a constraint restricting X '  to consist of  left-moving modes alone. This 
can be achieved by demanding that 

q b l - ~ ( 3 , - c ~ ) X l = 0 ,  I = 1 ' ' ' 1 6 .  (2.3) 

Alternatively, following [13], we can add to the action a term proportional to 
A ' [ ( G - O , , ) X ' ]  2, which has the same effect. Siegel has shown that the resulting 
action possesses a local gauge symmetry which allows the Lagrange multipliers A' 
to be gauged away, leaving one with the constraint of  eq. (2.3). 

The above action is invariant under a supersymmetry transformation that relates 
right-moving bosons and fermions, while the left-moving bosons remain unchanged: 

1 ~X ~ = - ~  eY iS, 

i 
6S =~--~ y_y~, (3 , -G, )XUe.  (2.4) 

where e is a right-moving Majorana-Weyi  light-cone spinor. In terms of two- 
dimensional field theory we have N = ~ supersymmetry. 

Canonical quantization of the transverse and fermonic coordinates is straight- 
forward. Since we are dealing with closed strings, the fields are periodic functions 
of  0 ~< o. <~ 7r and can be expanded as 

i 

X ' ( r - o ' )  ' ' ' ' - - e  , =~x +~p ( r - o . ) +½ i  ~ a,, 2,,~,-,,) 
n ~ O  /'1 

- i  

X i ( r + o  .) l i =~x +½p'(~'+o.)+½i Z a"e -2 ' "~ '+" '  (2.5) 
n ~ O  n 

+ ac~ 

S ° ( r - o . )  = Y. S°,e -2i"~-~'~, (2.6) 
n = - o c  
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[x', psi iS,J [O/i, O/~] -, = , = [ a . ,  c ~ ]  = n 8  . . . .  o, ' /° , 

[ . ~?] O/i~ ~0, 

{S~., - ~ }  = ("/+ h )  ~a'S . . . .  o .  (2.7) 

In the case o f  the lef t -moving internal coordinates ,  X t, we must  in t roduce Dirac 
brackets  to take into account  the second-class  constraints  ~ t  = 0.  Thus  the Poisson 
bracket  o f  X t with its canonical  m o m e n t u m ,  p t  = (1/Tr)cgTX t, which is canonical ly  
given by 

{Xt( t r ,  r) ,  P ' ( a ' ,  ~-)} = 8 ( t y - t r ' ) 8  u (2.8) 

is modif ied to yield the Dirac  bracket  

r), PJ (iT'. Z)}Da = {X'(r*, ~). P'(t*', ~')}- f do'" dt,'"{X'(t,. ~'). (/)K ((.,,, ~.)} (x'(~, 

x . . . .  o ' ' ) {  4~": '(o-" ' ,  I-.rK.t ~r , z) ,  PS ( cr', ~')}, (2.9) 

where  CKr.(tr,  or') is the inverse o f t h e  Poisson bracket  o f  @x (tr) and q~r (tr'). Since 
Crr . ( t r ,  tr ') = 8KK'(1/27rr~,)8(tr--  o:'), one finds that  

{ x t  (or, "r), PS ( o", r)}Da = ~ 8 (  o"  - or')8 u . ( 2 . 1 0 )  

There fore  X t has the expans ion  

x t ( ~ - +  or) = x ~ + p ~ ( r +  o-) +½i ~ O/__e~ e-2,-( . . . .  ~, (2.11) 
/1 

where upon  quant iza t ion  
- l lJ O/n ~ J  O/, .]= n8 . . . .  08 , (2.12) 

[x t, ps i  = ~istJ (2.13) 

The  factor  o f  ½ in the c o m m u t a t o r  of  x t and  p~, the center -of-mass  posi t ion and 
m o m e n t a  in the internal space,  arises due to the constra int  that  ensures  that  X t is 
a funct ion o f  r +  or. It means  that  2p t, I = 1 • • • 16 are the genera tors  of  t ranslat ions 
in the internal  space.  The  al lowed values of  pt  will be de termined ,  as we shall see 
below,  by the s tructure of  the internal s ix teen-dimensional  space.  

In l ight-cone gauge X * ( r ,  c r ) = x + + p ' r  and X is de te rmined  by solving the 
constraints  that  result f rom choosing a conformal ly  fiat metric  on the world sheet 
[11]. I f  we expand  X (z, or) as 

X - ( r ,  c r ) = x - + p - z + ~ i  Y. l ( a ~ e  2 " ( ' - " ' + 5 [ ,  e-2m( . . . .  ) ) ,  (2.14) 
n;,e 0 I1 
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then a~  is given, as in the fermionic  string, as (n ~ 0) 

P .. . - , .  2 p + ~ ( m - ) n ) S .  ,.3' S, . ,  (2.15) 

and c~  is constructed,  as in the bosonic  string, as (n ~ 0) 

1 - -  -i -i ot . . . .  ) . (2.16) a .  =---7~ ( a , . a .  , .+ -i  ~ i  . 
p ,. 

(Note ,  in these formulas  ; " '  ~ ~ "~ a o =  a o = ~ p ,  ao =p~.) 
These same constraints  determine p ,  the genera tor  o f  r - t rans la t ions  conjugate  

to X ~, and thereby the mass opera tor  m 2= 2p+p _ ( p , ) 2  of  the string 

1 6  

4(mass ) -=  N + ( / ( / - I ) +½  ~ (p l )2  (2.17) 
/ : - I  

where N(]V)  are the normal -ordered  n u m b e r  opera tors  for the right (left) movers  
o f  

• t I - - N =  ~ (c t '~ot .+2nS_. 'y  S.) ' ,  

~ r =  ~ . .  " '  " '  a _ . a t . ) .  (2.18) ( a _ , a , +  -i  - 

The subtract ion of  - 1  in (2.17) is due to the normal  order ing o f  /V, which is 
unnecessary  in the case of  the right movers  due to fe rmion-boson  cancellat ions.  
This subtract ion can also be seen to be necessary to ensure ten-dimensional  Lorentz 
invariance.  Finally the factor  of  ½(pl)2 comes  f rom the internal m o m e n t u m  and 
winding n u m b e r  (see below) of  the left movers .  

In addi t ion  there is a further  constraint  that  requires 

1 6  

N = I V - I +½  Z ( p , ) 2 .  (2.19) 

This constraint  has a s imple  physical  explanat ion.  Since there is no dist inguished 
point  on a closed string, we are free to shift the origin of  the ~r-coordinate by an 
arbi trary a m o u n t  A. This is achieved by the unitary opera to r  

U(A)  ~ e 2ia(N N*l-~  Z(p')2 , (2.20) 

which (recall that  [x ~, p J] =½i8 u )  satisfies U ( A ) F ( r ,  tr) U+(za) = F(r ,  tr + za), where 
F can be X ' ,  X t or S a. The  opera to r  U(A ) must  therefore  equal  the identity opera to r  
on the space  of  physical  states, which must  therefore  satisfy eq. (2.19). Again the 
subtract ion constant ,  - 1 ,  is due to the normal  order ing o f / V  and is necessary for 
Lorentz invariance.  In sect. 4 these constraints  will be rederived start ing f rom a 
covar iant  formula t ion  o f  the heterotic string. 
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2.2. C O M P A C T I F I C A T I O N  OF THE INT E RNAL  DIM E NSIONS 

The extra 16 left-moving coordinates of the heterotic string can be interpreted as 
parametrizing an "internal" compact space T. It is unlikely that T could be curved 
without producing an inconsistent string theory, since then the resulting two- 
dimensional field theory of X '  would be an interacting nonlinear tr-model with 
inevitable conformal anomalies. Therefore we consider only fiat compact manifolds, 
in other words T is a sixteen-dimensional torus*. 

Since closed strings contain gravity in their low-energy limit one expects that a 
compactified closed string theory will contain massless vectors associated with the 
isometries of the compact space. In the case of a fiat 16-dimensional torus this 
would yield the gauge bosons of [ U ( 1 ) ]  16 A remarkable feature of closed string 
theories is that for special choices of the compact space there will exist additional 
massless vector mesons. These are in fact massless solitons of the closed string 
theory. They combine with the Kaluza-Klein gauge bosons to fill out the adjoint 
representation of a simple Lie group whose rank equals the dimension of T. In the 
case of the heterotic string the structure of T is so severely limited that only two 
choices are consistent. These produce the gauge mesons of Spin(32)/Z2 or Es × E~! 

To illustrate this phenomenon consider the simple example of the bosonic (26- 
dimensional) string, with one coordinate compactified to a circle (say 0<~ X24<~ 
21rR). The coordinates X ~, i = 1 • • • 23, all have the normal mode expansion of eq. 
(2.5). However the expansion of X24(r, ~r) is modified. First the momentum, p24, in 
the compact dimension is quantized in units of I/R. In addition string theories give 
rise to a new phenomenon which has no counterpart in field theories of point 
particles, namely the existence of solitons which are consequences of the multiply 
connected structure of configuration space [15]. The function X24(r, ~) maps the 
circle 0 ~  < ~r<~ ~r onto the circle 0<~ X24<~2~rR, and such maps fall into homotopy 
classes characterized by a winding number L that counts how many times X 24 wraps 
around the circle. Thus 

- -  - 2 4  - 2 i n ( r + t r ) )  X24(r, t r )=x24+p2ar+ 2LRtr+~i  ~ 1 ( a 2 . ' e - 2 " ~ ' - ~ ' ~ + a ,  e 
n ~ 0  n 

24 M p =-~- ; M, L are integers. (2.21) 

String configurations with nonvanishing, integer L are solitons. They must be 
included in the spectrum of interacting closed string theories, since a string with 
L = 0 can split to form two strings with L = +l  and L = - !  (see fig. 1). Such solitons 
will always arise whenever a closed string propagates on a nonsimply connected 

* For consistent compactification of supersymmetric  coordinates there is strong evidence that it suffices 
for T to be Ricci flat [ 14l. The only known consistent possibility for compactification of purely bosonic 
coordinates is for T to be a flat torus. 
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k=t L=-t 

Fig. 1. A s t r ing with w ind ing  n u m b e r  L = 0 spl i ts  into two s t r ings of  w ind ing  numbers  L = + 1. 

manifold.  The excitations o f  the string with nonzero  momen tum (winding number)  
will have masses propor t ional  to I / R  2 (R2). The mass opera tor  for the standard,  
26-dimensional ,  closed string is given by 

M 2 
~(mass) 2 = N + /V - 2 + ~ - - ~ +  L2R 2 , (2.22) 

where N and /V are the number  operators for the left and right movers;  the factor 
o f  M 2 / 4 R  2= ~(p24)2 arises from the momentum in the compact  dimension,  and the 
term L2R 2 is the energy required to wrap the string a round  the circle. 

The physical states o f  the closed string satisfy a constraint  which for an uncompac-  
tiffed string is simply N = N. This constraint  implies that the unitary opera tor  
U(A)  = exp [ 2 i ( N -  N ) A ] ,  which shifts cr by an amount  A, is equal to the identity 
opera tor  on physical states, thus ensuring the absence o f  a distinguished point  on 
the string. If  the string contains a winding number  term, 2LRo' ,  one must modify  
U(A)  so as to shift this as well. Thus 

U(za) = exp [ 2 i ( N  - 1V - p24RL)A]  (2.23) 

and the physical states must satisfy 

N = 1~I + M L .  (2.24) 

Let us now examine the massless spectrum of  the effective 25-dimensional  theory. 
It consists o f  the transverse components  o f  the graviton, ant isymmetric  tensor and 
dilaton, &~_t a j-,10>, 1 ~< i, j ~< 23 ; the transverse components  o f  two vector mesons, 
" 241~ 0/I_ "24 a_,a_, u) and ,a_,lO). These correspond to the gauge bosons expected from the 

usual Ka luza-Kle in  compactiffcat ion on a circle with isometry U(1). However  for 
the part icular  choice o f  the radius o f  the circle 

R = ~ = 4~,  (2.25) 

the solitons with winding numbers  L = + l and momenta  M = ± 1 (with N - / V  = M L )  
are also massless. Thus there are four more massless vectors a '_ , lM = L =  +1) and 
& ~ _ , I M = - L = ± I ) .  
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These six massless vectors form the adjoint representation of SU(2) x SU(2), with 
the diagonal generators having eigenvalues ½(M+ L) and ~ ( M - L )  respectively. 
This construction is a physical realization of the work of Frenkel and Kac on 
representations of  K a c - M o o d y  Lie algebras [7]. Their work suggests that this 
construction can be generalized to produce massless vector mesons in the adjoint 
representation of  any simply laced Lie group G, i.e. a Lie group whose root vectors 
all have the same length. This restricts G to be SU(n),  SO(2n), E6, E7, ER or direct 
products of  these. The method employs closed strings moving on a torus such that 
the lattice of  allowed momenta  coincides with the root lattice of  the group. In other 
words the string moves on the maximal torus of  the group G. However the quantiz- 
ation differs from the usual quantization of closed bosonic strings. 

First consider compactification of the usual closed bosonic string on a D- 
dimensional torus, which may be thought of  as R ° modulo a lattice F generated 
by D independent  basis vectors e~ (i = 1 • • • D). We shall choose the length of the 
e~ to be equal to ,/2 and identify the center-of-mass coordinate x I with its translation 
by 27rR~ in the direction of e,, so that 

1) 
x I=--x' +421r X n~R,e[, (2.26) 

i - 1  

with n, being integers. The mode expansion for the internal coordinates is 

x l ( t r ,  r ) = x l + p l r + 2 L t c r + ~ i  Y l ( a l , , e - 2 ' " '  . . . .  '+81,  e-2'"t~'-" ') .  (2.27) 
n * o n  

For a torus RI~/I" the allowed center-of-mass momenta  pl lie on the dual lattice 
/~, generated by e .1 (i = 1 • • • D) defined by 

1) 
Z e ~ e ~ ' =  8 o. (2.28) 

I=1  

Since pl generates translations of  x ~ we must have 

m i  pl = x/2 ,=,~ -~-~ e* '  (2.29) 

for integer m~. The allowed winding numbers are 

D 
L I /T = v ~ Y. Rin~e~ (2.30) 

i=1  

for integer ni. The constraint (2.24) is generalized to 

N = 1Q+Ep'L '  = IV+ Z rain,, 
I i 

(2.31) 
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and the mass operator is now 

~(mass) 2 = N +  N - 2 + ~  (~p~p'+ L'L t) 
I 

= N + l f l _ 2 + E ( l m ,  rnj , . ) ~.j \2 Ri go Rj + ~n~R~g°njR~ ' (2.32) 

where the metric go = ~ . ~  e(e] is the Cartan matrix for the Lie group with maximal 
torus RV/F  and g* = Y~=l e*%*I = (go) -I is the dual metric. With our normalization 
go is integer valued and g, = 2 for simply laced Lie groups. 

As before we obtain 2D massless vector mesons 6'_,at_,10) and a~_,6*_,[0) as 
expected since the isometry group of the torus is U(1) r~. However the constraints 
make it clear that it is not possible to obtain the additional massless vectors with 
N - N = + 1 needed to complete the adjoint representation of a simple nonabelian 
group of rank D > 1 for any real R,. The resolution of this difficulty provides a key 
to the construction of the heterotic string. 

We return to the mode expansion (2.27) and write Xt(tr ,  r ) =  
X l ( r - t r ) +  f ( l ( r + ~ )  with 

X' ( r -c r )=½x '+(½p ' -L ' ) ( r - c r )+½ i  Y. 1 ,e_2,.(._~, ) 
n ~ 0  n 

- a ,  . (2.33) 
n ~ 0  /2 

Note that the left and right oscillators are treated independently but the center-of- 
mass coordinates and momenta  are not. For ordinary space-t ime coordinates with 
L = 0 this is clearly necessary. However for an internal nonsimply-connected space 
we are free to regard X r and . ~  as completely independent massless two-dimensional 
fields with expansions 

X ~ ( r  - tr) = x ~ + p ~ ( r  - a )  + oscillators, 

X ~ ( r +  tr) = ~  + / ~  ( r  + tr) + oscillators, (2.34) 

and [x',~s]=[£~,pS]=O, but [x',pS]=[~',pJ]=½i6 H as in (2.13). Now 2p~(2/~ ' )  
generates translations of  x~(:~ ~) so the allowed momenta  are 

p '  =x/~ ~ m, 
- - e  *~ (2.35) 

i = l  n i  ' 

and similarly for/~t. 
The left- and right-moving sectors are now related only by the constraint which 

follows from invariance under shifts in ~ which becomes 

N +½Y . ( p ' ) 2 / V + - ~ E  (/V) 2. (2.36) 
I I 
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The mass opera tor  is now 

~(mass): = N +  } Q - 2 +½~  (p'p'  +/~' /~ ' ) .  (2.37) 
I 

Choos ing  the radius to be 

R, = R = q~ ( = 4~-7), (2.38) 

we now find 2 D  U(1) gauge bosons as before but in addit ion there are massless 
vector meson states with N - ~t = +1 ( -  1) and (fi~)~ = 2((pl)2 = 2). These complete  
the adjoint  representat ion o f  G ×G ,  where G is a simply-laced Lie g roup  with rank 
G = D .  

The heterotic string is constructed by utilizing the left-moving part  of  the above 
construct ion with D = 16 to produce  gauge bosons  in the adjoint  representat ion of  
E8 × E8 or Spin(32)/Z2. This choice is dictated by the fol lowing argument.  Since X I 
is to be a funct ion o f  ~'+ tr only, the al lowed momenta  (2.35) must coincide with 
an al lowed winding number  (2.30). Thus the al lowed states must have momenta  
which lie on the intersection o f  F and K. Furthermore,  in order  to satisfy the 
constraint ,  eq. (2.19), the square of  the al lowed momenta  must be even integers. 
Finally, the lattice must be self-dual, i.e. I" must equal f (equivalently det g+j = 1). 
This last requirement  is necessary to have a consistent theory o f  interacting closed 
strings. We shall discuss this in detail in the fol lowing paper  [9]. For the moment  
we simply note that the (euclidean) two-dimensional  world sheet which describes 
a one- loop  closed string ampli tude is a torus. This torus is clearly symmetric  under  
the interchange of  or and r. To achieve this symmetry,  necessary for global re- 
parametr izat ion invariance, the coefficients of  r and tr in X ~ must span all the states 
o f  the same lattice. All o f  these requirements can be satisfied if and only if all the 
radii are determined as in (2.38) and the lattice is integral, even and self-dual. This 
means that the metric g,j = ~  e~e~ is integer valued, g,  is even and F =  F. For 
this reason the obvious torus, given by Rl6 /Z  16 is unacceptable.  Z ~6 is self-dual if 
one chooses  the basis vectors to be o f  length o n e - b u t  then it is not  even. The 
sublattice consisting only o f  even points is not self-dual. 

Even, self-dual lattices are extremely rare. In fact, they only exist in 8n dimensions.  
in sixteen dimensions  there are two such lattices, I'~ × F~ and 1"~. The first is the 
direct p roduc t  of  two Fs, where I~ is the root lattice of  E8, and g!~ is the Cartan 
matrix o f  Es: 

2 - 1  
- i  2 - 1  

-1  2 - 1  

-1  2 - 1  (2.39) 
g~"= - 1  2 - 1  -1  

- 1  2 -1  
- 1  2 0 

- 1  0 2 
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The construct ion o f  Fl6 is slightly more complicated.  The basis vectors for the 
SO(32) root  lattice can be written in terms o f  a set o f  or thonormal  vectors {u~}, 
i =  1 . . .  16 as e~ = u , - u i ÷ l ,  i =  1 - . .  15, el6= ul~+ ut6. This root  lattice is not self- 
dual since det go = 4. However  a self-dual lattice can be constructed from the root 
lattice by adding  points that are multiples o f  one of  the spinor weights o f  Spin(32). 

2 We can choose  the spinor  weight to be sl = ~(ul - u2+ u 3 -  u4+" • • + u15- u~6), s~ = 4 
and take the basis vectors for FI6 to be sl and e, i = 2 • • • 16. Since e~ is an integer 
linear combina t ion  o f  the basis vectors, F16 contains all the points o f  the root lattice 
o f  SO(32) plus addit ional  points that correspond to spinor weights o f  Spin(32)/Z2. 
Note that this is not the same as SO(32). The center of  Spin(32) is Z2 x Z2. Removing 
the diagonal  combina t ion  o f  the two Z2 factors eliminates all spinor  representations, 
leaving SO(32). Removing one Z2 eliminates one o f  the two spinor  representations 
o f  Spin(32) and all representations in the same Z2 conjugacy class as the spinor  
( including the vector). 

On either o f  these tori x ~ is given by eq. (2.26) where the al lowed momenta  are 

16 

p t =  y. nie~ ( n i = i n t e g e r ) ,  (2.40) 
i = 1  

and n~ also measures the winding number  in the ith direction a round  the torus. The 
values o f  (pi)2 are all even integers, the minimal value is 2. Each o f  these sixteen- 
dimensional  self-dual lattices has precisely 480 vectors o f  length squared 2. These 
will yield, in the heterotic string theory, 480 massless vector bosons.  These 480 
solitons are clearly labeled by the weights o f  the adjoint representations o f  G = 
E8 x E8 or  Spin(32)/Z2. They combine  with the 16 massless vectors with zero weights 
(the Kaluza-Kle in  gauge bosons)  to fill out  the adjoint  representat ion o f  G. We 
shall see below that all the states of  the heterotic string will form representations 
o f  G. 

23. THE SPECTRUM 

The physical states o f  the heterotic string are simply direct products  o f  Fock space 
states (I)R X l)L) o f  the r ight-moving fermionic string and the left-moving bosonic  
string, subject to the constraint  (2.19). The right-moving ground  state is annihilated 
by ai,, S,~ (n > 0) and N. It forms an irreducible representat ion o f  the zero mode  
oscillators S~ and consists o f  8 bosonic  states l i>R and 8 fermionic states la)R, which 
satisfy 

l a )R=~i ( y ,So ) " l i )R ,  Ii)R = 1~i(.~o{ y,, y+})ala)R. (2.41) 

The lef t -handed ground  state is annihilated by t~,, t~l, (n > 0), /V and pl. By itself 
it is a tachyon,  but it is removed from the physical spectrum by the constraint  which 
requires that ]Q + ½(p t)2 = N + 1 > 0. 
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The spectrum of physical states contains only nonnegative masses due to the 
constraint. In fact 

(mass) 2 = 8 N > / 0 ,  

N - - / ~ + ~ ( p , ) 2 _  1. (2.42) 

The ground state is therefore massless and consists of the direct product of l i)R or 
[a)R with &J ~[0)L, at-~10)L or ]pl),. (where (pl)2=2). All these states have N = / V +  
½(pt)2_ 1 = 0. As expected they form irreducible 10-dimensional, massless, super- 
multiplets. The states [i or a)R X &£tl0)L form the irreducible N = 1, D = 10 super- 
gravity multiplet. Note that the antisymmetric tensor appears here in the antisym- 
metric product of two SO(8) vectors as compared to the type | closed string theory 
where it appears in the antisymmetric product of two SO(8) spinors. The states 
[i)RXO'I_II0)L and It2)RX6{II0)L together with the 16x480 states ]i or a)RX 
[pt, (pt)~ = 2)L form an irreducible N = 1, D = 10 super-Yang-Mills multiplet of G 
(where G = E8 × E8 or Spin (32)/Z2). 

Although the spectrum of the massless states of the heterotic string (with G = 
Spin(32)/Z2) coincides with that of the type l superstring with gauge group SO(32), 
the difference between these two theories is apparent in the structure of the massive 
levels. In the heterotic string we will obtain states with arbitrary p~ = weight vector 
of G, and thus states which are in arbitrarily large representations of G. The type 
I open string theory contains only the antisymmetric tensor (adjoint) and the 
symmetric tensor representations of SO(32). 

We shall exhibit explicitly the structure of  the first massive level with N = 1, 
(/Q,~(pt)2) = (2,0), (1,2) or (0,4), and (mass)2= 8. Already at this level there are 
18 883 584 physical degrees of freedom! The left- and right-moving sectors separately 
can be assembled into $0(9)  multiplets, since the Lorentz and supersymmetry 
generators act separately on each. Among the right movers we have 128 bosonic 

a'_l[j)R and S°_~[b)a which fill out the SO(9) representations E-If and .~ of states 

dimensions 44 and 84 respectively. In addition there are the fermion states, akl[a)R 
and S°_~[i)R which form a single irreducible SO(9) representation of dimension 128. 

The left-moving sector consists of the SO(8) scalars [pt, (p t )2=4)L ' ~_t[pt, 
(pt)2=2)L , ~l_l&",[0)l" and d{2]0)L; the SO(8) vectors ~-IIP' ,  (p,)2= 2)t., ~'  210)L, 
o~'.~o~1_1[0) L and the SO(8) symmetric tensors t~'_,~_,10)t. To count the number of 
these states we use the fact that the number of points of length squared 2m on the 
lattices F~6 or l's ×I's is given by 480 trT(m), where tr7(m) is the sum of the seventh 
powers of the divisors of m [16]. Using this formula we find 69 752 SO(8) singlets 
which can be assembled into irreducible Es×Es representations as (3875, 1)+ 
(1 ,3875)+(248,248)+(248,  1 )+ ( l ,  248)+ (l ,  1 )+ ( l ,  1). For Spin(32)/Z2 the 

t-- 

r e p r e s e n t a t i o n s  a r e ~  (dimension 35 960), ~ (496),Fq~ (527), the spinor irreducible 
~d 

of dimension (32 768) and one singlet (1). Note the appearance at the first massive 
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level of the SO(32) spinor. This state cannot decay and might pose cosmological 
problems. Similarly the 497 SO(8) vectors transform as the adjoint representation 
of G plus a singlet while the SO(8) symmetric tensor is a singlet under G. 

These states may be easily assembled into SO(9) multiplets, whereby the G singlets 
are in the SO(9) representation 44.+1 and the G adjoint representations form a 
SO(9) vector. The other G representations are SO(9) singlets. Finally the complete 
SO(9) x G  multiplets are obtained by taking the SO(9) tensor product of  the rep- 

resentations ([-Fq+~) occurring in the right-moving sector with the representations 

(VYq+ [A + .  ) occurring in the left-moving sector. As we shall show below the physical 

states of the heterotic string form a representation of the super D = 10 Poincar6 
group and of the algebra of  G- -E8  × E8 or Spin(32)/Z2. This guarantees that a 
similar grouping of the states exists at each mass level. 

The number  of  states of  a string theory increases dramatically as a function of 
mass. In fact the degeneracy of the levels with mass M increases exponentially as 
d ( M ) - - e x p  (/3M). This leads to a "'limiting temperature" for the noninteracting 
string of kTL = 1//~, since at this temperature the specific heat diverges [17]. Of  
course interactions might modify this conclusion. The value of/3i is easily determined 
by calculating the "part i t ion" function P(x) which, in the case of  the standard 
bosonic closed string in 26 dimensions, is given by 

{!, PH(x) = (1 - X " )  = PB(N)x N . (2.43) 
I N-=O 

It is easy to see that PB(N) counts the number  of string states with right-moving 
oscillator number  N. Since for the closed string N =/V and M 2 = 4 ( N + / Q - 2 ) =  
8(N - 1) we have that dH(M) = P~ (~M2+ 1). Similarly the partition function of the 
fermionic superstring in 10 dimensions is given by 

P ~ ( x ) = [ ~  ( l + x " ) ] 8 =  y N~o (2.44) 

Here however M 2 =  4 ( N  +/Q) = 8 N and the ground state is 256-fold degenerate so 
that dr(M)  = 256P2v (~M2). Since the heterotic string is a hybrid of  the bosonic and 
fermionic strings and M 2 = 4 (N  + N - 1 +½(pt)2) = 8N we have 

dM( M) = 16Pv(~M2)p'B(~M2) , (2.45) 

where P'a(x) is the partition function of the left movers 

P ' a ( x ) - I  (1 - x ' )  1 + ~'. 480o7(m)x m = 
- - X  n = l  m = l . 2 , . . .  " = -  

P'a(1Q)x ~ . 

(2.46) 
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The l a r g e - N  behav io r  o f  the P ( N )  can be de te rmined  f rom the behav io r  of  P ( x )  
as x--, 1. Using the fo rmulae  

( l + x " ) = e x p  l n ( l ± x " ) "  x ~ e x p -  k 2 ( l - x ) '  
n = l  n = l  

we deduce  that  

4,n -2 277 .2 
-- - -  PF(X) ~ exp - - .  Pa(x)  P'a (x )  x-l  exp 1 - x '  l - x  

This t ranslates  into exponent ia l  growth of  P ( N ) ,  which behaves  as P a ( N ) ~  
P ~ ( N ) - e x p  (47rx/-N); P v ( N ) - - e x p  (2x/2rrx/N). In terms of  the " l imit ing tem- 
pe ra tu re"  we then have 

/3B = x/87r = (47r~/a ' ) ,  

/3F = 2rr = (2~/27r~/~),  (2.47) 

for the s tandard  bosonic  and fermionic  strings. The limiting t empera tu re  of  the 
heterot ic  string lies in be tween these 

/3H = -~(/3B +/3F) = (1 +,f2)'n" = (2 + , , / 2 ) ¢ r ~ ' .  (2.48) 

2.4. SYMMETRIES 

It is s t ra ight forward  to verify that  the heterot ic  string is Lorentz  invariant  and 
N = 1 supe r symmet r i c  in 10 dimensions .  This is because  the genera tors  of  these 
t r ans fo rmat ions  act separa te ly  on the right and left movers.  Since these are formu-  
lated in their  critical d imens ions  of  10 and 26 respectively,  the would-be  anomal ies  
cancel.  

Thus the heterot ic  string contains one supersymmet ry ,  genera ted  by 

Qa = ix/p--7 (Y+S°)a + 2i-7~x/p ~, ( y ~ S _ , )  ~a ' , ,  (2.49) 

which acts on the r ight -moving sector. The  demons t ra t ion  that  

{ Q, ,  Qb} = -2(hT~'P,,)~b (2.50) 

is identical  to the demons t ra t ion  of  the r ight -moving supe r symmet ry  of  the type II 
closed supers t r ing theory  [12] (half  o f  its N = 2 supersymmetry) .  Similarly the 
genera tors  o f  the 10-dimensional  Lorentz group,  J"~, can be written as 

J~" = l"" + J~" + J~.", 

where 

(2.51) 

I ~'~ = x t ' p  ~ - x Vp~,, (2.52) 
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and j~v(j~v) a r e  the Lorentz generators on the oscillator coordinates of  the right- 
moving (left-moving) sector of  the fermionic (bosonic) strings respectively. For 

" c o  (1/ n)( a_.a.-dd_.e~ = JL n), JL  = J L  + 0, = example,  J ~ =  - i  ~ . = ,  -i -j , +- ~- 
-iYg.=,(1/n)(~i_.cr.-cr-.d~i.). The demonstration that the J~'~ satisfy the 10- 
dimensional Lorentz algebra is identical to the demonstration of  the Lorentz invari- 
ance of the 10-dimensional superstring [12] and the 26-dimensional bosonic string 
[11]. Note that these demonstrations do require the normal ordering subtractions 
o f /Q  that appear  in eqs. (2.17) and (2.19). 

We shall now show that the states of  the heterotic string form representations of  
the group G = Es × E8 or Spin(32)/Z2. We are guided by the work of Frenkel and 
Kac, and Segal who used string theory operators to construct representations of  
Kac -Moody  algebras [7]. To this end we construct an operator E(K I) which acts 
on the left-moving states of  the heterotic string; E(K i) represents the generators 
of G that translate states on the weight lattice by a root vector K I ( ( K t )  2= 2). In 
order to understand the construction of Frenkel and Kac it is useful to consider a 
hamiltonian treatment of  the left-moving sector of  the heterotic string viewed as a 
two-dimensional field theory with solitons. The fields Xl ( t r )  are maps from the 
circle S t parametrized by 0 ~  < tr<~ 7r onto the 16-dimensional torus T. The configur- 
ation space can thus be thought of  as the loop s pa ce /2T  of maps S ~ --, T. This loop 
space has the structure of  a group under pointwise multiplication of maps and falls 
into disconnected components  labelled by the winding numbers of  the torus, i.e. 
*r0(/2T) = 7rl(T). In quantizing the theory we consider unitary operators U(ft) which 
when acting on the vacuum create states corresponding to the map f~:S~--,T, 
]ft) = U(fl)lO). If  we consider two maps fl ,  f2 and their composition ftf2 then 
quantum mechanically we are only interested in rays in a Hilbert space so we only 
require 

U(f,) U(f2) = e(f , ,  f2) U(f, f2) , (2.53) 

with [e(f~,f2)[ = 1. The phase factor e is required by associativity to satisfy 

~(f,,f2)e(f, f2,f3) = e(f,,f2fx)e(fz,f3), (2.54) 

which is just the statement that e is a two-cocycle, e is nontrivial if it cannot be 
factored in the form e~Ott,)e~*~2)e -~*gd2) and reabsorbed in the definition of U. In 
this case the operators U give a nontrivial projective representation of the group 
~2T. These representations have been considered previously in the physics literature 
in connection with quantization of solitons in theories such as the sine-Gordon 
model [7] and the Skyrme model [18]. General conditions for the existence of 
nontrivial projective representations are given in a classic paper  of  Bargmann [19]. 

We are interested in representing the group of translations on the weight lattice. 
In order to reproduce the correct group commutat ion relations we must consider a 
nontrivial projective representation of this group. Points on the weight lattice 
correspond to allowed winding numbers (i.e. elements of  rro(g~T)) with addition of  
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lattice vectors cor responding  to group multiplication o f  elements in disconnected 
componen t s  o f  .OT. For lattice vectors K ~, L ~, M ~ the two-cocycle  condi t ion is thus 

e( K, L)e( K + L, M) = e( L, M)e( K, L+ M) .  (2.55) 

For our  purposes  it is convenient  to modify  the translation opera tor  directly and 
to consider  the operators  

I C(K I) (2.56) 
dz 

E(KI)  = 2zriz"e2iK"X'(z)" " ' 

with ( K ~ ) 2 = 2 ,  z = e  TM . . . .  ~, and the contour  runs a round  the unit circle. These 
operators  contain the usual translation opera tor  e 2~K'x' which translates the internal 
momenta  ( = w i n d i n g  numbers)  by K t. The addit ional  term C(K I) can be viewed 
as an opera tor  l -cocycle which will be chosen so that the 480 E ( K i ) with (K ~ )2 = 2 
plus the 16 operators  p~ satisfy the Lie algebra o f  G (in the Chevalley basis). 

Using the properties o f  harmonic  oscillator coherent  states it is s traightforward 
to verify that 

:e2iK'X":): : e 2 i L ' X ' ( w ' :  = :e2"Kx~+"x~'~': ( z -  W) K'L (WZ) -K'L/2 for Iwl < Izl. 
(2.57) 

Under  the interchange (K, z)~-->(L, w) the RHS acquires a factor  o f  (_)K-L. We 
therefore demand  that C ( K ) C ( L ) = ( - 1 ) K L C ( L ) C ( K )  in order  that the E have 
simple commuta t ion  relations. The analog of  eq. (2.53) is just 

C(K)C(L)  = E(K, L)C(K + L). (2.58) 

In addi t ion to the two-cocycle  condit ion (2.55) e(K, L) may be chosen to satisfy [7] 

e(K, L)e(L, K) = ( - l )  KL 

e(K,  0 ) = - e ( K , - K )  = 1. (2.59) 

Now, if we compute  the commuta to r  o f  E (K)  and E (L) ( K and L are root vectors), 
the integral over ( z - w )  KL will yield a nonzero  result only if K .  L - - - -1  (and 
therefore K + L is another  root vector since ( K + L) 2 = 2 + 2 - 2 = 2), or  if K • L = - 2  
which requires K = - L .  This is a consequence  o f  the fact that 

:eZ'Kx'~':=exp[+ ~ K ' ~ - , , ( z " / n ) ] e x p [ + 2 i K ' x + K ' p l n z ] , , ~ ,  

× e x p [ - , _ , ~  K . ~ , ( z  "/n)] (2.60) 

is a meromorph ic  funct ion o f  z (recall that K .  p is integer valued on the lattice o f  
al lowed momenta) .  
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Therefore one easily shows that 

[E(K,L)E(K+L), ( K + L ) 2 = 2 ,  

[ E ( K ) ,  E(L) ]  = ~ K / -  p t ,  K + L = 0 ,  
! 
[ 0,  otherwise, (2.61 ) 

[pt, E ( K ) ] =  K'. 

These are precisely the commutators of the generators of G, as long as the e (K, L) 
are chosen to equal the structure constants (± 1 in this basis) of the group G. Frenkel 
and Kac show that C ( K )  and e (K, L) can be constructed to satisfy these properties. 
In fact e(K, L) is defined for arbitrary K and L on the lattice by extending the 
structure constants (defined for K 2= L 2= (K + L) 2= 2) to the whole lattice using 
(2.59) and bilinearity. 

Therefore we have an explicit representation of  the generators of G on the Fock 
space of the left movers of the heterotic string. Since the right movers are G-singlets 
and the constraint, eq. (2.19), is G-invariant, it follows that the free heterotic string 
is G-invariant. 

3. Fermionic representation 

There is an alternate description of the internal degrees of freedom of the heterotic 
string (which are responsible for the Yang-Mills interactions) in terms of chiral, 
anticommuting, Lorentz-scalar coordinates. These fermionic coordinates are related 
to the bosonic coordinates discussed above by the well-studied bosonization of 
two-dimensional fermion fields, with minor complications due to the finite length 
of the string. For purposes of describing the spectrum and interactions of the string 
the two formulations are equivalent. They correspond to alternate constructions of 
a particular representation of the affine Lie algebra based on the gauge group of 
the theory, whose properties determine the structure of the string in the light-cone 
gauge*. 

We shall now present the construction of the heterotic string in terms of  internal 
fermionic coordinates, beginning with the model with Spin(32)/Z2 gauge group. 
The construction of the E8 x E8 model requires subtle modifications. The construction 
parallels that of the superstring in terms of the Neveu-Schwarz [21] and Ramond 
[22] models. Here we introduce a set of 32 real, anticommuting, left-moving coordin- 
ates 0~(~ " + or) which transform as the fundamental representation of SO(32). Regar- 
ded as two-dimensional fields on the string world-sheet the 0i are Majorana-Weyl 
fermions, however they transform as ten-dimensional Lorentz scalars. The light-cone 
gauge action of these fields is simply (1/27r)S d r  So dtr 0 ~ (a/ar- a/atr)O ~, yielding 
the equation of  motion (a/a~--a/atr)4/= O. 
* The use of  f e rmion ic  var iab les  to create represen ta t ions  of  an in ternal  symmet ry  g roup  is not  new;  

Bardacki  and  Ha lpe rn  in t roduced  this not ion [20] as a poss ib le  way of  i nco rpora t ing  had ron ic  
symmet r i e s  in dual  resonance  models .  
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At this stage we have the option of choosing periodic or antiperiodic boundary 
conditions for ~'. As in the case of the "old superstring", we find it necessary to 
include in the Hilbert space of string states two sectors corresponding to the two 
possible boundary conditions. This is required to have a consistent, unitary descrip- 
tion of string loop amplitudes. We have then one sector, analogous to the Ramond 
model, in which the fermions obey periodic boundary conditions in tr and thus 
have a Fourier expansion 

+ aS, 

~ ' ( r+o ' )=  ~ ~i,e-2i"('+~'), nin teger .  (3.1) 
n - -  . --or~ 

Upon quantization, the oscillators g i obey 

{~,'., ¢em} ,i = 5 ~ . . . .  o- (3.2) 

The other (Neveu-Schwarz) sector contains fermions which obey antiperiodic boun- 
dary conditions in tr, so that the integer frequencies n in eqs. (3.1) and (3.2) are 
shifted by ½. The choice of  boundary condition determines the ground state in each 
sector. In the antiperiodic case the ground state is an SO(32) singlet state annihilated 
by all 0'. (n > 0). In the periodic sector the zero frequency oscillators, Oc'~, form a 
Clifford algebra and therefore cannot annihilate the vacuum. Hence we must take 
the ground state to be the appropriate spinor representation of SO(32). 

The hamiltonian describing the contribution of  the left-moving bosonic (the eight 
transverse coordinates .~'(~-+ ~)) and fermionic modes to the mass operator of  the 
string is 

= ~ +  ~ ,  

/VF = E rob! n~b',-- CA.p. (3.3) 
n ~ O  

CA(Cp) is the normal ordering constant in the case of  antiperiodic (periodic) 
fermions respectively. This subtraction, which includes the contribution from the 
spatial oscillations as well, is uniquely determined by the requirement of  10- 
dimensional Lorentz invariance. A straightforward calculation along the lines of  
ref. [12] provides the values 

CA = 1 , Cv = -1  . (3.4) 

We then obtain the spectrum pictured in fig. 2 (disregarding the spatial oscilla- 
tions). The two sets of  states so constructed each form irreducible Fock space 
representations of  the respective sets of  oscillators. However, as previously men- 
tioned, we are actually interested in constructing representations of  the atiine Lie 
algebra based on SO(32), whose generators M~ are bilinear in the fermions: 

+ c c  

= 0 ,_ , ,  ~,~ (3.5) 
= - -  m o c  
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(n = integer or half-integer) 

[T~-M, , ,  T2" Mn] = [T~, T2]" Mn+m+½nTr(T~T2)8 . . . .  o, (3.6) 

where the T 0 are 32 x32 antisymmetric matrices and T- M, = T°M~. Consequently 
the two fermion Fock space representations are each reducible, splitting into rep- 
resentations of  the afline Lie algebra with even or odd "fermion number".  (These 
correspond to the four conjugacy classes of  SO(32) representations, whose charac- 
teristic members  are singlet, spinor, spinor'  and vector, respectively.) 

For the purpose of constructing the heterotic string it is necessary to exploit this 
reducibility by projecting onto the subspace of states which in the antiperiodic sector 
contain an even number  of  fermions (i.e. the integer mass levels), and in the periodic 
sector satisfy a Weyl projection with ½(1 + ~2) where ~ = ~o~o" " on their SO(32) 
spinor index. The necessity of  this truncation of the Hilbert space stems from the 
fact that the right-moving half of  the theory contains only integer mass levels, 
whereas the unreduced spectrum of left movers has half-integer modes. Such states 
could never satisfy the constraint N =/Q, which is necessary to have a consistent 
spectrum, and so the half-integer levels must be removed. Since these correspond 
to the vector (32) conjugacy class of  SO(32) we must, for consistency, also discard 
half of  the states in the periodic sector, since [spinor] × [spinor] = [vector]. 

The resulting theory does not contain any states of  the vector or spinor types. 
Consequently the gauge group is Spin(32)/Z2, and the oscillators (~b~,) used to 
construct this group are not quite a representation of this group. This circumstance 
is familiar from the construction of superstring; although the unreduced Neveu-  
Schwarz and Ramond models were thehaselves consistent (at least at tree level), a 
truncation of  this sort was necessary in order to find a supersymmetry generator 
which exchanged bosonic (Neveu-Schwarz)  and fermionic (Ramond)  sectors. 
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We now turn to the fermionic description of the E8 x E8 heterotic string. Remark- 
ably, it requires only a simple modification of the procedure used to obtain the 
Spin(32)/Z2 theory, although demonstrating that the correct model is obtained in 
this way is rather subtle. We proceed by defining two sets of 16 fermionic coordinates 
$ '  and 0~ (i = 1 • • • 16). These are quantized as before, with the boundary conditions 
and projections being imposed separately on each set of fermionic coordinates. We 
now have four sectors, depending on which boundary conditions are applied to 0~ 
or 0'. We keep only those states with an even number of $ '  excitations, independent 
of the boundary conditions applied to 0 and of  the ¢~ internal quantum numbers. 
We then obtain states which are explicit representations of SO(16) xSO(16), which 
are restricted in the same way that we restricted the SO(32) states. 

The mass spectrum of the theory can be calculated if we include the correct 
normal-ordering constant. In the two sectors whose boundary conditions match we 
obtain the same result as before; in the two sectors where one set of fermions has 
antiperiodic boundary conditions and the other has periodic boundary conditions 
the normal-ordering constant is zero. Then the low-lying levels have the mass 
spectrum and SO(16)xSO(16) quantum numbers depicted in fig. 3 (again ignoring 
spatial excitations). 

The massless states in the (AP, AP) sector are in the adjoint representation of 
SO(16) xSO(16), as is necessary in order for the heterotic string to contain Yang- 
Mills interactions. However, there are also massless states in the 128 spinor rep- 
resentation of  each SO(16). Since these also become gauge bosons (and gauginos) 
when we attach the right-moving modes, the theory must contain a gauge group 
larger than SO(16) x SO(16). The resolution of this problem lies in the fact that Es 
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contains SO(16) as a maximal subgroup, with the adjoint of  E~ decomposing into 
SO(16) representations as 120+128, and where the E 8 commutat ion relations are 
represented as ( i , j  . . . .  = 1 • • • 16) 

[Mo, Mk,] = (SikMj~ + perms.) ,  

[M,,, S ° ] = ' ( 2 " ) o b  S h , 

[S", S b] = (Z'J) ,bM ° , (3.7) 

where ,y0 =½i [F  ~, F j] and the F ~ are gamma matrices for SO(16). We therefore 
conjecture that our construction yields a representation of the affine Lie algebra 
based on E8 XEs, in which the SO(16) subgroup of E8 is realized linearly on the 
operators M " ;  the remaining operators S" are realized in a nonlinear fashion. These 
generators, however, must interchange the Fock spaces corresponding to the two 
kinds of  boundary conditions in order to realize the algebra of  E8, and no simple 
expression involving the tO' could accomplish this. An analogous problem arises in 
the construction of the supersymmetry operator in the Neveu-Schwarz-Ramond 
realization of the superstring, which also is required to exchange the bosonic and 
fermionic Fock spaces. In that case, unfortunately, the supersymmetry operator did 
not have a simple expression in terms of oscillators of either sector. The superstring 
solution was to adopt a representation of the string coordinates for which the 
supersymmetry generators have a natural action. The analogous procedure in our 
case would be to abandon the fermionic coordinates altogether and use the algebra 
generated by {M~, S~} - the atone Lie algebra I~8. However, the representations of 
this algebra are difficult to construct directly, so much so that mathematicians were 
led to use dual models as a means of constructing them [7, 23]. For practical purposes 
it is easier to calculate using the fermionic coordinates, wherein the SO(16) invariance 
is manifest and can be extended by gauge invariance to the full E8 invariant 
expression. 

The question remains whether we are sure that this construction actually produces 
a representation of the affine Lie algebra (I~ × I~). We are, but we will only present 
an outline of  the argument here; for a more rigorous assurance we refer the reader 
to ref. [23] where it is shown that the representation of E8 which is of  interest to us 
can be decomposed into S-O(16) representations in precisely the combination found 
in our model, where the "'basic" representation of I~ is the sum of the "basic"  
representation of SO(16) and the "spinor"  representation of SO(16). This decompo- 
sition is based on an automorphism of the l~x Lie algebra, which in the notation of 
(3.7) leaves M 0 unchanged and takes S ~ into - S  a. This automorphism can be 
extended trivially to the affine Lie algebra I~8, and the commutat ion relations are 
unchanged. The representations of  1~8 can be decomposed into representations of  
the s~ubalgebra of  I~8 which commutes with the automorphism, namely, the generators 
of  SO(16); the states which are even---ander the automorphism are created by an 
even number  of S,~, and those odd under the automorphism are created by an odd 
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number of S~,. It is straightforward to show that the low-lying states of the 1~8 
representation, when decomposed this way, correspond to those of the SO(16) 
representations we constructed. There is also the circumstantial evidence that the 
number of  states at each level of the E8 "'basic" representation match the number 
of states in the SO(16) construction, as seen by comparing the partition function 

"1 

c h ( G ) = T r q  % for the two cases (ch(G) is called the character function by the 
authors of ref. [7]) 

(1-i-240 ~.:=, o-3(n )q ~) 

= ch (SO(16)) + ch (SO( 16)~ ,/2~) 

= ( l - q "  '/2) '6+ [i ( l + q  ~ ,/:),6 +128 ( l + q " )  '° ,  (3.8) 
I n = ,  n = l  

where tr3(n ) is the sum of  the third powers of the divisors of n (a nontrivial identity, 
whose proof  is based on the theory of modular forms [16, 24]). We conclude that 
our fermionic construction is indeed a representation of 1~8 x I~8; the generators of 
the subalgebra SO(16) x SO(16) are realized linearly in this construction, but the other 
generators unfortunately do not have a simple or useful realization in terms of the 
fermionic coordinates. 

It is helpful to examine this result in relation to what we found in the bosonic 
realization. In that case, only the generators in the Cartan subalgebra were realized 
linearly, although the nonlinearly-realized operators also have a useful form. This 
is consistent with our expectations of the standard bosonization procedure, which 
gives linear realizations for the bosonic fields of only the flavor-diagonal fermionic 
currents. In this respect, both of the representations could be improved by turning 
to the third realization mentioned in sect. 4, which corresponds to a nonabelian 
bosonization of the fermionic theory; however this third realization is not practical 
for the kind of calculations currently contemplated. 

From this point on the construction of  the heterotic string proceeds as before, 
except that the internal bosonic operators must be replaced with the corresponding 
fermionic operators. 

4. Covariant quantization 

Thus far we have exhibited an apparently consistent light-cone quantization of 
the heterotic string. However, the light-cone formalism receives its justification as 
a geometric theory of  surfaces by virtue of  its being the gauge restriction of a 
reparametrization-invariant theory. Maintaining reparametrization invariance in the 
quantum theory is an essential requirement for the consistency of the theory; it is 
responsible for the critical dimensions l0 and 26. In this section we will describe 
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both the path integral and operator formalisms for covariant quantization; the key 
point is that a proper BRS quantization shows that all potential anomalies cancel 
between the Faddeev-Popov ghosts and the string fields. 

The path integral approach begins with a covariant action for the heterotic string. 
In principle, we would like an action which is manifestly group and supersymmetry 
invariant. The appropriate  covariant framework for the E8 × Es and Spin(32)/Z2 
currents is a nonlinear sigma model on the group manifold, with a Wess-Zumino 
term [25]. Of  course the sigma model fields have to be constrained to be left moving. 
Similarly, a covariant action for the superstring exists [26] which may be thought 
of  as a nonlinear sigma model on superspace (the super-translation group manifold) 
with a WZ term [27]. An arbitrary element of  the super-translation group may be 
written as h=exp{ i [X .P+O.Q]} ,  where X,, ( / z = 0 . - . 9 )  and 0 a (a ten- 
dimensional Majorana-Weyl  spinor) are the superspace coordinates and P and Q 
generate translations and supersymmetry transformations, respectively. In terms of 
the derivatives 

h-'(x)8~h(x) -- (8~X ~" - iOy~8,,O)P~, + ~ 0 .  Q, (4.1) 

the covariant superstring action may be written 

I • ct -]  S~t,ing = d2~e~tr[(h ~ea8,h)(h ea~O~h)]+Fh. (4.2) 

The e~ define a local tangent space frame in terms of the coordinates ~:~ which 
parametrize the world sheet (e = det e~). We choose the arbitrary normalization of 
the generators tr (P,,P~)= rh,~; also tr (QaQh)=0.  Fh is the Wess-Zumino action 
[25] which cannot be written as a local functional of  the fields, but can be constructed 
in terms of  the derivatives (4.1) as a three-dimensional integral when the world 
surface has spherical topology 

Fh = f d3~e "~' t r [ ( h - ~ h ) ( h - ~ h ) ( h - ' ~ v h ) .  (4.3) 
JM ,i~ M = S 2 

Fh is nonvanishing due to the relation tr[Q~QhP"] = (¢'C-~)~h. 
In the case of  the heterotic string we want (4.2) to describe the dynamics of  the 

"right" movers, where "right" is defined in terms of the local frame. We therefore 
add to the action the term 

Scon~tr~i~t = f d2~eA++(h-'e'~O~h)(h-'e~+O~h) (4.4) 

(here ~e- = z ± tr are two-dimensional light-cone coordinates). This indeed enforces 
the constraint that the superstring coordinates are only right moving. Similarly, to 
describe the left-moving coordinates of  the heterotic string, we introduce g = 
e x p [ i [ X .  P+~b~T~]} where T ~ are the generators of  G =  EsxE~ or Spin(32)/Z2 
and ~b ~ are the local coordinates on G. The dynamics of  the left movers is then 
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described by the same action (4.2), together with the constraint (4.4), but now with 
all + 's  replaced by - ' s .  This ensures that g is only a function of left-moving 
coordinates (in the local frame). 

However, the covariant superspace action is difficult to quantize due to the 
presence of certain second-class constraints [26], and the sigma-model approach is 
unwieldy for practical calculations. The heterotic string is no worse in this regard 
than the ordinary superstring, with the possible exception of the question of reconcil- 
ing the local fermionic symmetry of (4.2) [26] with the new constraints (4.4). 

Thus although it would be nice to have a manifestly reparametrization invariant, 
Lorentz invariant, group invariant, and supersymmetric formalism, such an approach 
is not yet practical. Two options are then available: first, one can give up manifest 
Lorentz and reparametrization invariance and construct the theory on the light cone 
as we have done in sects. 2 and 3. Here supersymmetry is manifest, but full Lorentz 
invariance is not and must be checked. The light-cone approach is the one most 
suitable for simple calculations, and we will employ it in the following paper on 
interactions [9]. The second alternative is to give up manifest supersymmetry while 
retaining Lorentz and reparametrization invariance: it is this approach that we will 
now discuss. 

We have seen that the group theory may be represented in terms of left-moving, 
Lorentz scalar, bosons or fermions. Their action may be written in a manifestly 
covariant form as 

o r  

S ( i , f e r m i o n  = f d2~ e[½iq/e'~iL'~b '] ' 

J / d 2 ~ :  I ,~ ! 2 - -  ,~ t 2 = e[2(e,~,,X ) +A ( e _ , ~ , X ) ] .  (4.5) 

Here ~1(I  = 1 • • • 32) are the internal fermionic coordinates, X I ( I  = 1 • • • 16) are 
the internal boson coordinates, and A - is a Lagrange multiplier which, as in (4.4), 
eliminates the right-moving bosons [13]. 

The ordinary superstring has a similar covariant formulation in terms of the 
Neveu-Schwarz-Ramond model. Here one describes the fermions by fields in the 
vector representation of 0(9,  1). This is precisely analogous to the representation 
of the heterotic internal degrees of freedom given in sect. 3, where (say for G = 
Spin(32)/Z2) one employs fermion fields ~t, in the vector representation of 0(32). 
As we have explained, the states of the system will depend on the choice of boundary 
conditions. Periodic (antiperiodic) boundary conditions on the fermion fields will 
yield states which are 0(9,  1) spinors (tensors). Space-time supersymmetry inter- 
changes the two sectors and will not be manifest. In the case of the heterotic string 
the fermionic fields are further constrained to be right-moving, and thus the total 
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space-time action is [28] 

S~p . . . .  time = I d2~e[~ (e :~X~ ' )2 -½ iO~ 'P -e~ -O~O~"  +½ i ( ~ " P ' P ~ O ~ ' ) O ~ X ~ ' ] "  (4.6) 

This action involves the space-time coordinates X ~', 0(9,  l) fermions 0 ~', the 
zweibein e~ and its right-handed gravitino partner ~', (p~ are two-dimensional 
y-matrices). In addition to local reparametrization invariance, this action has an 
" N  = ½" local supersymmetry 

~e ~ - = i e p _ ~  c' ' 

~5~,, = - 2 V , , e  , 

8 X  ~" = ie~b ~' ' 

8~b ~" = [ a . X  ~' + ½ i(~t,b~')]p'~e, (4.7) 

with a right-handed spinor parameter that satisfies p - e  = V+e = 0. 
Quantization is most easily performed in the superconformal gauge 

e:  = e~8~, ~'~ = p~rt. (4.8) 

With this choice the total heterotic string action, (4.5) + (4.6), describes a set of free 
fields (we choose the fermionic form of SG for simplicity): 

She te r ° t i c  = I d 2 ~½ ( O ' ~ X ~ ' ) 2 +½ i ~ ' P - O - d / '  +~i~blp+a+~b'] (4.9) 

since the conformal degrees of freedom 4) and ~ decouple classically. This action 
still has a residual invariance under conformal reparametrizations (and their right- 
handed two-dimensional superpartners) 

~:± -~f(~:=), (4.10) 

which preserve the gauge (4.8). These transformations are generated by the com- 
of  the two-dimensional energy-momentum tensor and superconformal ponents 

current 

T~ ÷  = ( a + X  ~' )2 + i~,p+t3+~b~,, 

T _  _ = ( ~ _ X ~ ) 2 - +  - i ~ b t p _ O _ X  I , 

S+ = i(B+X~')~b ~' . (4.11 ) 

The (super)conformal symmetries allow us to classically specify the further gauge 
choices 

X + =  x+ + p + ¢ ,  d/+ = 0 .  (4.12) 

This procedure can be justified quantum mechanically in a hamiltonian framework 
[29]. The constraints 7".+ = T__ = S+ = 0 enable us to solve for X -  and ~b- in terms 
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of the physical degrees of  freedom X ~, ~b' (i = 1 • - • 8), O' ( I  = 1 • • • 32); this leaves 
only global r and a translations, generated by 

H = ~ ( (f(2 + X,2 + iq/" @i,+ iq/O") d2~, 

P = j (X" X ' +  i~ i" 4 , " -  iq/Ot,) d2~, (4.13) 

as residual invariances. Finally we arrive at the light-cone gauge action 

S= f d2~[½(O,,X,)2 + ,. , ,. , , 2lOp ~ ~ ; +  ,3, . ~zdJ p 0 t ] (4.14) 

Eqs. (4.13) and (4.14) are just the Neveu- Schwarz- Ramond version of the light-cone 
gauge heterotic string action (2.1) and constraints (2.17) and (2.19). Thus we see 
that one may derive the light-cone heterotic string from a manifestly reparametriz- 
ation invariant action. Checking that Lorentz invariance is maintained upon quantiz- 
ation is the easiest way to ensure that no anomalies of  reparametrization invariance 
have appeared.  

At this point we are more interested in maintaining manifest Lorentz invariance 
as well as checking two-dimensional coordinate invariance explicitly. Hence we will 
not choose the light-cone gauge (4.12), but rather explore the quantum mechanical 
consequences of  (4.8). In the path integral over the action, factoring out the gauge 
group volume via the choice (4.8) involves computing a jacobian measure factor 
from the fluctuations of  the metric induced by infinitesimal reparametrizations 

~$g,,~ = V~,,c$~ . (4.15) 

This jacobian,  as well as the corresponding factor arising from fixing the N = 
supersymmetry,  may be represented via standard manipulations [30] as a path 
integral over ghost fields. The ghost action is 

= f d - ~ [ b  V+c~+b-  V_c_+fl V_y] (4.16) Sghost  ~ + ~ 

where b, c are the reparametrization ghosts and /3, y are the local supersymmetry 
ghosts. 

Evaluating the path integral in the gauge (4.8) reduces to calculating a series of 
functional determinants of differential operators of various conformal spins. The 
conformal spin of  a quantity is defined by the (possibly half-integral) phase C "° it 
acquires under a two-dimensional rotation by angle 0. The covariant derivative 
V, ,  = e - ( " - t ) * i J +  e " °  maps the tensor space of spin n into the tensor space of spin 
(n + 1). The effective action consists of the combination 

In Se, = det ,o/2 [A ° = VoVo+ VoV,~ ] det '° (V ~(/2) det32 (V_,/2) 

×det  (V~/2) det (Vt) det (V+~). (4.17) 
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Because of  the chiral asymmetry of this expression there is an ambiguity in the 
phases of each of  these determinants (except Ao). The last two are hermitian 
conjugates and therefore do not contribute to the phase anomaly. The remaining 
spin-~ and spin- 3 anomalies have been computed by Alvarez-Gaum6 and Witten [3] 
with the result that 22( = 32 - 10) spin-~ determinants precisely cancel the anomaly 
of a spin?  determinant*. Note that if we had worked with the bosonic representation 
of  G, we could calculate the anomaly of a left-moving boson by regarding it as an 
antisymmetric 0-index tensor. One finds as expected that one such boson has the 
same gravitational anomaly as two Majorana-Weyl fermions. Thus we find that the 
heterotic string is anomaly free. 

In addition to the potential phase anomaly, there is also a possibility of an 
anomaly in the modulus of the expression (4.17) since conformal invariance is an 
anomalous symmetry. The modulus may be regulated in any number of ways [31] 
and the anomaly again cancels in the critical dimension, 10 for the right movers 
and 26 for the left movers. 

One may also study the anomaly cancellation in an operator approach [30]. There, 
analytic reparametrizations are generated by the stress-energy tensor T++, anti- 
analytic ones by T__ ; conformal invariance is expressed by the tracelessness condi- 
tion T~ a = 0. The Fourier components 

L, = f ds¢ e'"~T~+(sc), 

= f ds ¢ e'"er. (~¢), (4.18) £. 

generate the algebra of  reparametrizations (the Virasoro algebra) 

[L . ,  L,.] = (n  - m ) L . , , , ,  + ~ c ( n  3 - n )6 . ._ , , , ,  

[ £ . ,  I-.,,,] = (n  - m ) L . + , .  + ~ ? ( n  3 - n ) 6 . . _ , . ,  (4.19) 

which has, in general, a c-number anomaly given by the second term. When the 
stress tensor includes all the relevant string and ghost field contributions, one finds 
c = ? = 0. This is the operator equivalent of the anomaly cancellation found in the 
path integral approach. 

It is this striking cancellation of anomalies that results in string theories being 
the only known examples of quantum field theories embodying quantum-mechanical 
reparametrization invariance ; it is this geometric fact that accounts for their remark- 
able properties. 

" We shou ld  note  that  the n u m b e r  23 in sect. 12 of  [3] has  had  the con t r ibu t ion  of  a s ingle  fe rmion 
subt rac ted .  
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5. Conclusions 

In this paper  we have constructed a new type of quantum string theory, the 
heterotic string, an amalgamation of the old fermionic and bosonic strings. We have 
shown that, at the noninteracting level, the heterotic string theory satisfies all the 
usual consistency requirements. Thus the formal reparametrization invariance, 
embodied in the geometrical formulation of the action, suffers no anomalies upon 
first quantization. Equivalently the light-cone gauge (unitary) formalism preserves 
the Lorentz invariance and ( N  = 1) supersymmetry of the theory. The spectrum of 
the free heterotic string is ghost and tachyon free, with a massless ground state 
consisting of  D = 10, N = 1, supergravity and super-Yang-Mills  gauge bosons and 
their fermionic partners. In the following paper  [9] we shall show that interactions 
can be consistently introduced and that the theory is one-loop finite. It is certainly 
true that the formulation of  the heterotic string appears  somewhat awkward and 
contrived. This is not a shortcoming of our theory; rather it is indicative of  the 
present level of  understanding of all quantum string theories, which leaves much 
to be desired. Many of the most remarkable features of  these theories emerge without 
a full comprehension of their origin. Most mysterious are the general coordinate 
invariance and local gauge symmetries of  string theories, whose appearance lacks 
a geometrical explanation. This suggests that there exists a more profound formula- 
tion of string theory, in which these features would be manifest. In such a formulation 
the heterotic theory might appear  more natural. It certainly occupies a natural niche 
between the 26-dimensional closed bosonic string theory and the 10-dimensional, 
closed fermionic string theory. 

The special feature of  the heterotic string theory is the appearance of a (almost) 
uniquely determined local gauge symmetry group G = E8 x E8 or Spin(32)/Z2. 
Heterotic strings are closed, so that there is no place to attach charges as one does 
in the case of  open strings. Instead the gauge group arises via a Kaluza-Klein-type 
mechanism stemming from the compactification of 16 of the internal coordinates 
of  the string. These are required, by consistency of the theory, to lie on a particular 
16-dimensional torus. This compactification produces 16 gauge bosons associated 
with the isometries of  the torus, but in addition it yields 480 massless solitons which 
wind around the torus. Together they fill out the adjoint representation of G, and 
all the physical states of  the heterotic string form unitary representations of  G. 
Nowhere do we require anomaly cancellation. Instead the gauge groups E~ x E8 and 
Spin(32)/Z2 arise from other considerations. In fact we can now understand why 
D = 10, N = 1 supergravity is al(omaly free only if one chooses these gauge groups. 
These anomaly-free field theories are simply the low-energy limit of  the heterotic 
string (as we shall see explicitly in the following paper  [9]). 

Among the ill-understood features of quantum string theories is their high degree 
of uniqueness. The heterotic string provides us with two more entries (depending 
on whether G = E8 × E8 or Spin(32)/Z2) to an extremely short list of  consistent string 
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theories. Are there any more? We do not know the complete answer to this question. 
However, the only new theories that we know how to construct, using the ideas that 
underlie the heterotic theory, are two-dimensional. Since the heterotic strings are 
formed by combining left and right movers of  separately consistent closed string 
theories, the only additional theories of  this type that we know are based on the 
D = 2 fermionic string theory of ref. [32]. The right-moving sector of  this theory 
could be combined with the left-moving sectors of  the D = 10 fermionic string or 
the D = 26 bosonic string to yield new two-dimensional string theories. In the latter 
case we would again compactify the 24 internal dimensions of  the string on a torus 
based on a 24-dimensional self-dual lattice, of  which there are exactly 24 types 
(including the famous Leech lattice). It would be very amusing to construct these 
theories. 

From a practical point of  view the heterotic string, particularly in its E8 x E~ 
manifestation, provides a very promising candidate for a unified theory of gravity 
and matter. Recent investigations have shown that this theory possesses features 
which may solve many long-standing problems in particle physics. Among these 
are: compactifications with zero cosmological constant of  6 of  the 10 space-t ime 
dimensions to a four-dimensional theory with an unbroken E8 × E~ symmetry and 
some number  of  chiral fermion families of  E 6 [33], a natural mechanism for breaking 
E 6 down to an acceptable low-energy gauge group [33], a mechanism for splitting 
weak Higgs doublets from color Higgs triplets [34], and a mechanism for supersym- 
metry breaking with zero cosmological constant in the " 'hidden" E~ sector [35]. 
Although much work remains to be done there seem to be no insuperable obstacles 
to deriving all of  known physics from the E~ × E8 heterotic string. 
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