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The symmetry breaking patterns for scalar fields in the low-lying representations of
the exceptional groups are discussed. For scalar fields in the adjoint representation the
theory possesses pseudo-Goldstone bosons in each case and the unbroken subgroup is
uniquely determined by quantum corrections to the effective potential. The breaking of
Es down to SO(10) X U(1) may be of interest for grand unified theories.

1. Introduction

Consider a gauge theory with gauge group G and scalar fields @ transforming
under some representation of G. We assume that the scalar fields develop a non-
zero vacuum expectation value, either classically due to a negative mass squared
term in the scalar potential or from radiative corrections at the one-loop level [1].
As a result G is broken down to a subgroup H and the gauge bosons corresponding
to the broken generators of G acquire masses through the Higgs mechanism. In
general H is determined by the transformation properties of the scalar fields and by
the form of the effective potential. The patterns of symmetry breakdown for the
unitary and orthogonal groups with Higgs scalars in various representations up to
second-rank tensors have been determined by Li [2]. The number of independent
parameters appearing in the Higgs potential depends on the number of independent
polynomials of order four or less invariant under G that can be constructed out of
the scalar fields. Weinberg [3] has pointed out that in some circumstances the
requirement that the theory be renormalizable (i.e., of order four or less in the
scalar fields) constrains the number of independent parameters to such an extent
that the potential is forced to have a symmetry group G which is larger than G. As
a result there are pseudo-Goldstone bosons which have zero mass in lowest order
in the Higgs couplings, but which acquire masses in higher orders. Another
consequence of this phenomenon is that the subgroup which will remain unbroken

* Work supported in part by the US Department of Energy under Contract No. DE-AC-03-
79ER0068.

254



J.A. Harvey | Patterns of symmerry breaking 255

is not yet determined at lowest order so that higher corrections to the effective
potential must be included. Several ingenious examples of this phenomenon involv-
ing semisimple groups or two or more scalar fields in different representations of G
have been given in the literature [3-5]. With a view towards grand unified theories
we will restrict ourselves to the case where G is simple and we have only one set of
scalar fields transforming under an irreducible representation of G. Two examples
of scalar fields in irreducible representations of simple groups where the potential
has a higher symmetry are the five-dimensional representation of SU(2) (the
potential has an O(5) symmetry), and the adjoint representation of SU(3) (the
potential has an O(8) symmetry). We find that with scalar fields in the adjoint
representations of the exceptional groups the potential always has a higher sym-
metry. We discuss the breaking of the exceptional groups by Higgs scalars in the
adjoint representation; with this mechanism each group has a unique unbroken
subgroup which we determine. Finally, we briefly consider Higgs scalars in the
defining representations and the inclusion of fermions.

2. Adjoint breaking of the exceptional groups

For a gauge theory the invariance of the Lagrange density under the action of
the gauge group implies the invariance of the Higgs potential and of the higher-
order corrections to the potential. Hence the Higgs potential is constructed from
the independent invariant polynomials of order four or less in the Higgs fields. For
Higgs fields in the adjoint representation, the independent invariants of nth order
are directly related to the possible nth order generalized Casimir invariants

L=Tr (X, X,, .. X, ) XX . X%,

where the X, are matrix representations of the group generators X* (the genera-
tors will be replaced by the Higgs fields in what follows). Taking the X* in the
adjoint representation gives the more familiar form

—_ 8 B8 B
[n = Ca?ﬂlcagBZ Ca:BHX‘HXaz WX s

where the CJp are the structure constants of the group. As an example, consider
SO(3). We have CJz =€z so that

L= epieuXiX; = —2(X1 + X3 +X3),
while
I3 = €11m€jmn€iin XiXi Xk = € XX Xk
= X1[X2, X1+ X[ X3, Xi]+ X[ X1, Xo]= X7 + X3+ X3,

so that I3 is proportional to I,. For SO(3) all the 1, for n>?2 are proportional to
L. Racah [6] has shown that a semisimple Lie group of rank / possesses /
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independent invariants. In particular, he showed that the orders of the independent
invariants for the simple Lie groups were

SU (l+ 1) IZ: 13’ erey Il+l ’

SO (21+ 1) 12, 14, very 12[ .

Sp (21)' 121 I4, seey IZIs

SOQ2N: I, 1., Inia, I,

G b, Is,

Fa: I, I, Ig, 12,

EG: 12’ 159 16’ I8y 19’ 112 )

E7: 129 16’ 18, 1109 112, 1147 118 ’

Es: I3, Is, I+, 114, 118, 2o, I24, 130 -
Note that G, Fa, Es, E; and Eg possess no I3 or 1. Consequently, for the adjoint
breaking of these groups the potentials have the larger symmetry groups O(14),
0(52), O(78), O(133) and O(248) respectively. For SU(3) the invariants are I, and
I so that addition of a reflection symmetry ®-> —® to eliminate /5 gives an O(8)
symmetry to the potential. _

In order to determine the pattern of symmetry breakdown when G is non-trivial,

it is necessary to consider higher-order terms in the effective potential which are
not invariant under G. The one-loop effective potential is given by [1]

1

647>

M? M? M?
[3 Tr M} In——4TrM¢ In—+Tr M? In 2], (1)
2 u “

V1=

where M., M;, and M, are the mass matrices in the broken theory for fields of spin
1, 5 and O respectively, and u is a renormalization mass. We may ignore the scalar
one-loop term since it is invariant under G. The inclusion of fermions will be dis-
cussed later. Hence, from now on we will be discussing only the first term in (1).

The adjoint representation may be defined through the action of the group on
its Lie algebra

X->g 'Xg,

where g€ G and X is an element of the Lie algebra of G. We therefore represent
the scalar fields @ as elements of the Lie algebra of G. In particular, a theorem
from group theory says that we may transform the vacuum expectation value of @,
which we denote by ®,, so that it takes the form
!
o= Y VH, (2)
i=1

i=
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where [ is the rank of G, and the H; are the elements of the Cartan subalgebra
(i.e., the commuting generators of G). For the SU(n) groups there are n—1
generators in the Cartan subalgebra and these generators may be represented by
real diagonal traceless » X n matrices. For this case (2) is equivalent to the state-
ment that a hermitian matrix can always be diagonalized by a unitary trans-
formation.

The vector meson mass matrix is given by

SM2)pARA L, =3 Tr D, d.D* &, =3A%A,, Tr (A%, &A% @],

where the A; are the matrix representations of the group generators. Using the
expansion (2) we see that M2 has / zero eigenvalues corresponding to the / ele-
ments of the Cartan subalgebra. The non-zero elements of M Z are given by

1

i ! 2
(M3 )aB =Tr [Ew ‘Zl ‘I’J{i][EB, '21 ‘I’,-I-Ij] = ( 'Zl q’i“i) 5aB s
j= i=

where we have used the Cartan-Weyl basis for the Lie algebra
[]{h 1{]]=O [}Iu Ea]=aiEaa
[an Ea] = aiI-Ii 3 [Eas EB] = NaBEa +8

and the normalization convention that Tr E,Ez = 8,5. The «, B, etc., are the root
vectors of the algebra, which span the /-dimensional root space of the algebra. We
use subscripts to indicate the components of the root vectors and superscripts to
distinguish different root vectors, thus «| is the jth component of the ith root
vector.

Note that a change in w? in the one-loop effective potential corresponds to a
change in the fourth-order G invariant term in the potential so that we may choose
u? as we please. We are therefore left with the task of minimizing the function

Vi)=X (- o)V In(y-a')?,

where
1
i_ i
Yra = _21'//;01' .
i=

Having done this, the unbroken subgroup is determined by the zero eigenvalues of
M 3, i.e.., those roots orthogonal to ¢mi, where ¢min is the value of ¢ that mini-
mizes Vi(¢). This subgroup will always contain an U(1) factor since by definition
&, commutes with all the generators of the subgroup.

Consider first the case of SU(3). Our approach is identical to that given by
Coleman and Weinberg [1] for the five-dimensional representation of SU(2). We
adjust x? so that

3

Vily)= Zl W) In(g-a)-1].

i=
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Root Diagram for SU(3)—= SU(2) x U(1)

Fig. 1.

A minimum of Vy(¢) occurs when (¢ - a®)?=(¢ - a')?=1; (¥ - a®)? =0, since this
corresponds to a minimum for two of the three terms in Vl(w) and a maximum
{with vanishing second derivative) for the third. The root diagram for SU(3) given
in fig. 1 shows that such a choice is possible. The non-zero roots orthogonal t0 ¢,
are +a” so that the unbroken subgroup is SU(2) x U(1).

The root diagrams possess a symmetry group (termed the Weyl group) generated
by reflections in the hyperplanes orthogonal to the roots. This partitions the root
space into a number of fundamental regions (2'%.3%.5%.7 for Eg!) which are
transformed into each other under the action of the Weyl group. We may simplify
the search for the minima of V(i) by restricting the search to one fundamental
region.

For each of the exceptional groups we have located the minima of V(¢)
numerically. The results are given in table 1. The patterns of symmetry breakdown
fall into two sets. The members of the first set are Eg and E-. For these groups the
symmetry breakdown is similar to that for SU(3) (see fig. 1). #min is not parallel to
any of the roots and the unbroken subgroup is the maximal subgroup of maximal
rank of the group which contains a U(1) factor. The second set consists of G, Fy,
and Eg. For these groups ¢,in lies along one of the roots and the unbroken sub-
group is the largest subgroup containing a U(1) factor for these groups. Fig. 2
illustrates the breaking of G, down to SU(2) xU(1).

Table 1

Dimension of adjoint Dimension of defining Unbroken subgroup
Gauge group representation representation for adjoint breaking
G, 14 7 SUR)xU(1)
F, 52 26 SO(7)xU(1)
Esg 78 27 SO(10)xU(1)
E, 133 56 EgxU(1)

Es 248 248 E,xU(1)
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Root Diagram for G, —= SU(2) x U(I)

Fig. 2.

3. Defining representations of exceptional groups

We may ask whether the scalar potential possesses any larger symmetry when
the scalar fields are in the defining representations of the simple groups. For the
classical groups this is not the case since the classical groups may be defined as the
invariance groups of the various metric forms. Cvitanovié [7] has calculated the
primitive invariants for the defining representations of the exceptional groups. In

addition to the Kronecker tensor 8¢ and the Levi-Civita tensor &>/, they are
Gz: 8&!}’ fabc’
F4I 6ab’ dabc’
E6' dabc

. gab jabcd
I57- f 3 d ’

where the f***” are completely antisymmetric and the 4>~ are completely sym-
metric. Out of these one can construct invariants of higher order. (For example,
d®® d° is a fourth-order invariant tensor for F,.) For Eg the defining represen-
tation coincides with the adjoint representation. We see that the only group for
which there is a larger symmetry is G,. Since G lacks any symmetric invariant
tensor of higher than second order, we see that if we restrict ourselves to one scalar
field in the defining representation of G,, then the classical potential possesses an
O(7) symmetry. Furthermore, since there are no independent symmetric invariants
of higher order, and since the effective potential must be G invariant, this theory
has the peculiar property that the higher symmetry is never broken.

4. Inclusion of fermions

If the fermion representation is such as to forbid coupling between the fermions
and Higgs scalars to lowest order, then the fermion contribution to the one-loop
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effective potential will vanish. This is the case for E¢ with the Higgs in the adjoint
representation and the fermions transforming as two-component Weyl spinors in
the (complex) 27 [8]. It may also be the case that all fermions occurring in the
theory are much lighter than the massive vector mesons, in which case the one-loop
fermion term in the effective potential is a small perturbation to the one-loop
meson term and by the theory of Georgi and Glashow [9] cannot change the
pattern of symmetry breaking. We have therefore ignored the effects of fermions in
our calculations.

It is a pleasure to thank E. Corrigan, M. Gell-Mann and P. Ramond for dis-
cussions.
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