
Physics Letters B 268 ( 1991 ) 40-46 
North-Holland PHYSICS LETTERS B 

Magnetic monopoles 
in N= 4 supersymmetric low-energy superstring theory 

Jeff rey  A. H a r v e y  
Enrico Fermi Institute, University of Chicago, 5640 Ellis Avenue, Chicago, IL 60637, USA 

and  

J a m e s  L iu  
Jadwin Hall, Princeton University, Princeton, NJ 08544, USA 

Received 20 June 1991 

A magnetic monopole solution to the field equations of N= 4 super Yang-Mills coupled to N= 4 supergravity in 3 + 1 dimen- 
sions is presented. The solution preserves half of the supersymmetries and satisfies a Bogomol'nyi bound. The corresponding 
metric has no event horizons or singularities for arbitrary values of the monopole mass or charge. 

1. Introduction 

There is increasing evidence that there is a rich the- 
ory of  semi-classical solutions to superstring theory. 
The classical solution corresponding to a fundamen- 
tal string has properties reminiscent of  solitons in su- 
persymmetric theories [ 1 ]. String generalizations o f  
Yang-Mills instantons have been found with [2-5  ] 
or without [6,7 ] Yang-Mills gauge fields and may be 
interpreted in ten dimensions as five-brane solitons. 
There are also hints o f  some kind of  duality [ 1 ], per- 
haps relating strings and five-branes [ 3 ] or funda- 
mental and solitonic strings [ 8 ]. This duality is mod- 
eled after the duality between magnetic and electric 
charge first discussed by Montonen and Olive [ 9 ] in 
the context o f  monopole  solutions to Yang-Mil ls -  
Higgs theory. It is now understood that the duality o f  
Montonen and Olive, if it holds at all, can only hold 
in N =  4 super Yang-Mills theory since it is only there 
that the monopole supermultiplet coincides with the 
super-gauge multiplet [ 10 ]. 

In this paper we will construct generalized mag- 
netic monopoles which solve the coupled N =  4 super 
Yang-Mills supergravity equations o f  mot ion which 
arise in the low-energy approximation to string the- 

ory compactified down to four dimensions on a six- 
torus. Our  motivat ion is to better understand the 
duality conjectured in string theory as well as to have 
more prosaic examples o f  soliton solutions to string 
theory in 3 + 1 dimensions. Magnetic monopole so- 
lutions to string theory, including BPS monopoles in 
theories with extended supersymmetry, have also 
been discussed in ref. [ 11 ]. 

We will first discuss the basic form of  the solution 
and then in the following section describe the fer- 
mion zero modes of  the solution and a Bogomol 'nyi  
bound for the mass. We then briefly discuss the dyonic 
excitations of  these solutions and end with some 
discussion. 

2. The  solut ion 

Our starting point in constructing the N =  4 mono-  
pole is D = 10, N =  1 super Yang-Mills coupled to su- 
pergravity. This theory can be dimensionally re- 
duced to give the N =  4 theory in 3 + 1 dimensions. 
Equivalently, this corresponds to the massless sector 
after compactifying six internal dimensions o f  the 
string on a torus. 

40 0370-2693/91/$ 03.50 © 1991 Elsevier Science Publishers B.V. All rights reserved. 



Volume 268, number 1 PHYSICS LETTERS B 3 October 1991 

The ten-dimensional action can be written in 
"sigma model" variables as 

1 
S =  ~ ~ d '°x  x/~ e -2¢ 

× [ R + 4 ( 0 0 ) 2 - ~ H Z - o t  ' tr F2+ . . . ] ,  (2.1) 

with H=c( (dB+w3L-og~ ' ) .  We wish to look for a 
solution to the resulting equations of  motion with the 
background Fermi fields set to zero. Demanding that 
this solution is supersymmetric means (in ten di- 
mensions) that there exists a positive chirality 
Majorana-Weyl spinor E satisfying 

I 
t~)(. = -- - -  FMNFMNE = 0 ,  ( 2 . 2 a )  

4g~o 

~}~=-- ~ (FMOMO--IHMNpFMNP)e=O, (2.2b) 

&UM= 1 ~ g e = 0 ,  (2.2C) 
K 

where - t As_ ~M-- V M-- ~ HM~BF --OM + "~ ( (-DMAB-- HMAB ) 
× F  AB is the generalized covariant derivative, g~o is 
the ten-dimensional gauge coupling, related in the 
usual way to x and or'. The precise coefficients in 
(2.2) will be used later. In addition, we must satisfy 
the Bianchi identity 

dH=t~ '  (tr R ^ R - t r  F ^ F)  , (2.3) 

where the gauge trace is in the fundamental represen- 
tation (and defined by tr F 2 = ~oTr F 2 for E8 with Tr 
the trace in the adjoint representation). 

In dimensionally reducing this theory to four di- 
mensions, we choose the space-time indices to be 0, 
1, 2, 3, the internal six-dimensional indices to be 4, 
5, ..., 9, and require that all fields be independent of  
the internal space coordinates. The ten-dimensional 
fields can then be decomposed into their four-dimen- 
sional parts as follows. Under SO (9,1 ) ~ SO (3,1 ) ® 
SO (6), the ten-dimensional vielbein breaks up into 
the four-dimensional vielbein, a vector with SO (6) 
index, and a set of 21 scalars transforming as a sec- 
ond rank symmetric tensor under SO (6). The vector 
gauge field AM decomposes as 10---, (4,1 ) ~ (1,6) giv- 
ing the four-dimensional gauge field and six scalars 
which take values in the adjoint of  the gauge group. 
The ten-dimensional antisymmetric tensor field BMN 

decomposes as 45--, ( 6 , 1 ) ~  ( 4 , 6 ) ~  (1,15) into the 
four-dimensional B field, a vector with SO (6) index, 
and 15 scalars. Ten-dimensional Majorana-Weyl fer- 
mions break up into a set of  four four-dimensional 
Dirac fermions according to 16--, ( 2,4 ) ~ ( 2,4 ), thus 
giving us N=4 .  We see that there is an overall 
SO ( 6 ) ~_ SU (4) global symmetry in the N =  4 theory 
corresponding to rotations in internal space. 

Although we wish to describe a solution of the four- 
dimensional N =  4 theory, it is more convenient to use 
ten-dimensional notation. Thus in the following we 
will explicitly write out ten-dimensional fields. They 
can straightforwardly be broken up into their constit- 
uent four-dimensional fields as described above. One 
subtlety in this approach is that in order to have a 
canonical Einstein term in four dimensions, we must 
perform a Weyl rescaling of the space-time metric. 
This is all well known from the Kaluza-Klein theory. 

In ref. [ 3 ], Strominger presented a generalization 
of the self-dual ansatz for Yang-Mills gauge fields 
which preserves half of  the ten-dimensional super- 
symmetries of a given four-dimensional chirality. 
Using the well-known rewriting of the Bogomol'nyi 
equations for BPS monopoles, B =  + DO, in terms of 
a dimensional reduction of the self-dual Yang-Mills 
equations we can equally well use this ansatz as a 
starting point for the construction ofa  supersymmet- 
ric monopole solution. To proceed, let/t, v . . . . .  1, 2, 
3, 4 denote the space indices in which the solution 
lives with 3 + 1 space-time indices given by 0, 1, 2, 3. 
Although we have picked a given direction in inter- 
nal space, this can be related to any other one by the 
internal SO (6) symmetry. The ansatz that preserves 
half of  the supersymmetries of  definite chirality, 
E+ = _FI234p+  (note that this is not space-time chir- 
ality), is then given by 

F u , =  + i ,  a~r- (2.4a) 

Hu~ = T- ~u~a ~ 0o~, (2.4b) 

ggN =diag(  - 1, e 2°, e 20, e 20, e 2¢, 1, 1, 1, 1, 1 ) ,  

(2.4c) 

VpVPO=T i , ~,ao ~a e tr Fu,F~o. (2.4d) 

All other field components vanish. 
The potentials for the Higgs fields A4, ..., A 9 has flat 

directions corresponding to configurations with 
tr( [AM, AN] [A M, A N] ) = 0  with M, N = 4  .... ,9 .  For 
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simplicity we single out the field A4 and set As ---A6 = 

. . . .  A 9 = 0 .  Then d - - A 4  has a fiat potential and can 
take on a vacuum expectation value to become a Higgs 
field. From now on we will work with gauge group 
SU(2) .  The extension to gauge group SO(32) or 
Es®E8 involves new bosonic and fermionic collec- 
tive coordinates in a way that is well understood from 
standard monopole physics. The BPS solution for the 
gauge and Higgs fields is then 

X b X a 
Aa=~iab-~_  ( K - l ) ,  d a - A ~ =  - v H ,  ( 2 . 5 )  

r - 

where 

e2~(r)~e2O°+4a'C 1 asr-- ,oo.  (2.10) 
r 

Although we have started from a single monopole 
solution in (2.5), we could in general have used any 
(anti) self-dual multi-monopole field configuration. 
In principle, we are still able to solve the constraint 
(2.4d), so exact multi-monopole configurations do 
exist. This is not a surprise for supersymmetric soli- 
tons and as usual is connected with a no force condi- 
tion resulting from saturation of  a Bogomol'nyi 
bound. 

Cr 
H = C r c o t h  C r -  1, K =  sinh C--------~ (2.6) 

and C =  ( d )  is the vacuum expectation value of the 
Higgs field. Here, i , j  . . . . .  1, 2, 3 are space indices and 
r2= (x 1)2+ (x2)2+ (x3)2. This solution has topo- 
logical charge 1 and satisfies (2.4a) with a minus sign 
so it is anti self-dual in this space. When we reduce to 
3 + 1 dimensions, we demand that all fields be inde- 
pendent of  the internal space directions. The dilaton 
equation, (2.4d), then becomes 

Oi Oi e 2¢ ---- --  a '  tr F~,~ Fu. = - 2 a '  tr Fjk Fj, 

1 
= --4c~' ~ [ (K 2 -  1 )2+2H2K2] , (2.7) 

with solution 

eZC'=e2°°+2ot'f152 ( 1 - K g + 2 H )  , ( 2 . 8 )  

which is well behaved at the core with asymptotic be- 
havior e2<- ,e2~°+2a 'C2+O(r  2) as r~0 .  The result- 
ing three-form field strength is 

X k 
H o 4 = 2 t ~ ' E O k - ~ H ( 1 - K 2 ) =  - a ' t o v 4 ,  (2.9) 

where co v is the Yang-Mills Chern-Simons three- 
form. This shows that dB=  0 everywhere, so that we 
can trivially set B =  0. The solution (2.8) agrees with 
that given by ref. [ 11 ] to lowest order in a 'C  2. 

Note that the metric is well behaved everywhere 
and has no singularities. However, it is not isotropic 
in the internal space. Viewed as a toroidal compacti- 
fication from ten dimensions, we see that one of the 
radii is varying with a space-time dependence of 

3. Zero modes and a Bogomol'nyi bound 

It is well known that the monopole ground state 
must form a representation of the fermion zero mode 
algebra. One possible source of these zero modes 
comes from supersymmetry transformations. In ten 
dimensions, there are 16 independent Majorana-  
Weyl spinors e~ of which eight are chiral and eight are 
anti-chiral in four dimensions. A supersymmetry 
transformation of the solution (2.4) will, if it is non- 
zero, give rise to a solution of the fermion equations 
of  motion. Using these ~i in the supersymmetry trans- 
formation, (2.2), we see that the eight ~ of opposite 
chirality to the solution lead to non-vanishing values 
for the fermion fields. This is the manifestation of 
partially broken supersymmetry in the monopole 
background. 

If  we assume these eight zero modes arising from 
the supersymmetry are the only one present, then, as 
shown by Osborn in ref. [ l0 ], their quantization leads 
to an N =  4 supermultiplet of one spin l, four spin ½, 
and five spin 0 states for the monopole. The addition 
of gravity does not affect this argument. Since this 
monopole supermultiplet coincides with the super- 
gauge multiplet, this strongly suggests the presence of 
a generalized Montonen and Olive duality between 
the magnetic and electric charges [ 9,10 ]. 

As a check on zero mode counting, we may appeal 
to an index theorem argument. For a massless Dirac 
field, Z, in ~3 in the presence of an SU (2) monopole, 
the Callias index theorem predicts two zero modes 
for Z in the adjoint representation of SU (2) [ 12]. 
Because N =  4 fermions live in a 4 of SU (4), this gives 
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a total of  eight zero modes in agreement with the 
above supersymmetry argument. 

Bogomol'nyi bounds in low-energy superstring 
theory have previously been derived in the context of  
superstring solitons [2] and the heterotic instanton 
[ 3 ]. Here we will show the existence of such a bound 
in the coupled N=4 ,  D = 4  super Yang-Mills super- 
gravity theory. Such a bound can be derived from the 
N extended supersymmetry algebra which admits a 
set of central charges [ 13 ]. In the following, we ex- 
tend the previous work of refs. [2,3] to the case of  
N=4 ,  D = 4  supersymmetry and show how the 12 
possible central charges arise. 

Since we wish to find a bound for the ADM mass 
as expressed in terms of the standard "Einstein" met- 
ric, we find it convenient to write the action in ca- 
nonical variables 

1 
d '°x v/~ [ /~ -  ~ (0O) 2 -  le -+  S =  2K--- 7 

H 2 

-¢x '  e -°/2 t r F 2 +  ...] , (3.1) 

which is related to the "sigma model" action (2.1) 
through a Weyl rescaling of the metric according to 
~MN=e--O/2gM~. Since we must use the transforma- 
tion properties of the physical gravitino, we also let 
@M=e -~/8 (IffM-t-Iv/2FM~.) which gives the stan- 
dard supersymmetry transformation laws 

62= - ~ e -°/4 FMNI~MN¢, (3.2a) 
4g, o 

g~ **MNP-- j ¢ ,  (3.2b) 

K 
6~M= 

1 
m 

K 
[VM + ~8 e-°/2 ( I~M I~NPQ- 126Nl~PQ)HNpQ] ~. 

(3.2C) 

In deriving the Bogomol'nyi bound, we define the 
mass and charges of  the system by the asymptotic be- 
havior of  the various fields at spatial infinity. In or- 
der to do this consistently, we require that space-time 
approaches flat Minkowski space at infinity and does 
not mix with the internal space. Our starting point is 
Nester's form [ 14 ] in ten dimensions written with 
the supercovariant derivative 

N MN = ( I~MNP ~ . (3.3) 

I f  this is the ordinary covariant derivative, then the 
surface integral of ~ . N  on a space-like boundary of 
space-time is proportional to the (ten-dimensional) 
ADM momentum of the system. The supercovarian- 
tization will add to this terms involving the H field. 

The central charges in this theory come from the 
Kaluza-Klein compactification of the metric and H 
field to four dimensions. To make this clear, we break 
up the ten-dimensional fields into their four-dimen- 
sional components. Here, we let/x, u . . . . .  0, 1, 2, 3 
denote space-time indices and i , j  . . . . .  4, 5 .... ,9  de- 
note internal space indices. The compactification of 
the vielbein yields an SO (6) invariant set of U ( 1 ) 
gauge fields with field strength F ( i ) , . = 0 ~ i ~ - 0 ~ i , .  
Similarly, for the H field, we have a set of  six U ( 1 ) 
field strengths Hi.. .  Since the supercovariant deriva- 
tive in Nester's form involves the "torsion" from H 
along with the spin connection, we only need to take 
into account the linear combination of these U(1 ) 
fields 

T(i)u . =F( i )u  p - 2  e - 0 / 2  H i .  . . (3.4) 

We may integrate this field strength at spatial infinity 
to obtain the six "electric" charges 

1 I !  u. Q,= ~ 2T<o,,,cl~ . (3.5) 
sL 

In addition, there are six topological or "magnetic" 
charges obtained by integrating the space-time dual 
of  the field strength, * ' r  ~ a~-r --(i),uu ~ 2~IXl. ' * ( i ) 2 a ,  

1 f 1 d2u" (3.6) Pi = - ~  ~ * T(i)uu • 
sL 

These are the 12 central charges of this N=4 ,  D = 4  
theory. 

The surface integral of Nester's form can now be 
written as 

~ I ]QMN d~MN = ~ lf~o [l~ItpP,4p 

OZ 8Z 

+ n V6 ~ (Qi + P f S ) l ~ % ,  (3.7) 

where 0Z = S 2 × T 6 is the two-sphere at spatial infin- 
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ity times the internal space. Integrals over 0E can be 
broken up into space-time and internal space parts 
with the internal volume given by V6=fr~ d~,. In the 
above we have assumed the spinors e, e' approach 
constant commuting spinors co, e~ at spatial infinity. 

is the four-dimensional truncation of the covariant 
derivative, 94p=0p+ ¼dJpa~/~, and A=det ~j so that 
0~ log A=~ ° 0~  o. F 5 is the space-time chirality oper- 
ator in flat space with eigenvalues + 1. In deriving 
(3.7), we have dropped surface integrals of fields that 
do not lead to conserved charges. 

In order to make a connection to the D = 4  ADM 
mass, we use Nester's definition 

f II~MN d~MN= f VMI~MN d~N'  ( 3 . 1 3 )  

0Z E 

where an involved calculation using considerable 
Dirac algebra gives for the divergence of Nester's form 

_~. (~,,2apNf~2a) -- 1 ( ~NP__ tg2TNP)~T pe~ 

_ ½eO/2 ~m(e-0 HMNe)-(l~ee. (3.14) 

Here ~MN=kMIV - ½~MN/~ is the Einstein tensor and 
TMN is the stress-energy tensor of the bosonic matter 
fields 

1 t I~i~ltPP~74P(" d~'uP' (3.8) 

where/~" is the D = 4  ADM momentum. The above 
fields are defined according to the canonical D=4 
theory with the Einstein action 

1 ~ 
84= f d4X-~K~x/@R" (3.9) 

A simple Kaluza-Klein compactification of (3.1) 
shows the relation between four- and ten-dimen- 
sional quantities: 

KAI/4 

K 4 ~  N ~  6 ' 

~uv.=A1/2~,uv " (3.10) 

Because of the Weyl factor, A 1/2, the ADM mass 
expression written in ten-dimensional variables 
becomes 

Ov 

+ ¼ ( / % R . a _ / ~ . a )  0xlog A]e d2u. .  (3.11) 

When combined with (3.7), this gives for the surface 
integral 

OZ 

=_X2~op~/~,Eo+nV6~o(Qi+PiFS)l%o. (3.12) 

We now use the divergence theorem to write this as a 
volume integral 

1 
IgMN(Ogp) TM N = ~ [ OMO ON~)__ I " 2 

+ 2 e - o (HMpQ HN pQ -- ~ gMNH 2 ) 

+a'e-~/2(4trFMpFue-~,MutrF2)], (3.15) 

In calculating the divergence, the Yang-Mills gauge 
field only enters through the Bianchi identity for H. 

The last two terms in (3.14) vanish by the Einstein 
and H equations of motion. We can now let ( =  E and 
impose the Witten condition ~ = 0 where F= I, 2, 
..., 9. This now gives the result for the volume integral 

E 

x [~o(a, ¢,,)* (a, ¢,j) + (a,£)*(6,£) + (~,2 °) *(6.,,?°)1 

4 0  (3.16) 

for commuting spinors satisfying the Witten 
condition. 

Equating this result to the surface integral, (3.12), 
we arrive at the inequality 

~ ( M _  ~4PO(Qi+PiF')P~)eo>~O , (3.17) 

where M is the ADM mass measured in the four-di- 
mensional theory. Since this must hold for all Co, we 
finally arrive at the Bogomol'nyi bound 

M>~ ~x/ - r .  (~OQ, Q;+~op, pj),/2. (3.18) 

Since (3.16 ) only vanishes for supersymmetric con- 
figurations, we see that this bound is saturated only 
when supersymmetry is at most partially broken. 
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The mass of the monopole solution described in the 
previous section can be calculated from (3.8) and 
turns out to be 

M= 4no~'CV6 e_~O/2 = 4not'____ Ce_~O " (3.19) 
K 2 K 2 

All central charges vanish except for 

P4 = - 4ol'C e -~/2 . (3.20) 

Thus the monopole solution saturates the 
Bogomol'nyi bound. 

4. Dyons 

Because the underlying ten-dimensional theory is 
Lorentz invariant, we may easily generalize the mag- 
netic monopole solution. As mentioned previously, 
rotational invariance within the internal space gives 
the N =  4 theory an overall SO (6) symmetry. In ad- 
dition, because we take the monopole to be time in- 
dependent as well as independent of the internal space 
coordinates, we may rotate the monopole solution in 
the 0, 4 plane. Although the D =  10 theory is invar- 
iant, the rotated solution, interpreted in four-dimen- 
sional space-time, becomes a dyon [ 15 ]. 

In particular, if  the coordinate rotation is parame- 
trized by 7=cosh0,  a = s i n h  0, the gauge fields be- 
come the standard dyon solution 

X a 
A~=ot ~-£ H ,  

AT=eiab-~(K-1) ,  ~a=X H.  (4.1) 

The three-form field strength has non-vanishing 
components 

H i j o = o L H ° 4 ,  n i j 4  = y n ° 4  , (4.2) 

where H°4 is given by (2.9). The rotated metric is no 
longer diagonal, but has components 

goo =OL2 e2°--~ 2, gi j=e2Oc~i j ,  

g44 = y 2  e20_ Ot 2, g M N = ~ M N  ' 

go4 = oty(e 20- 1 ) , (4.3) 

where i , j= 1, 2, 3 andM,  N=4 ,  5 .... ,9. The dilaton 
solution is unchanged from (2.8). 

We can show that this dyon solution still preserves 
half of  the ten-dimensional supersymmetries by re- 
peating the analysis of section 2 in a generally covari- 
ant manner. Following ref. [ 16 ], we can introduce 
an orthonormal set of  vectors, {mo ..... ms}, and a vec- 
tor, r, orthogonal to the m's which span the subspace 
0, 4, 5 .... ,9  with mo timelike. We now define the pro- 
jection operator 

p+ = l ( l + m N o m  N, ~N,r" r~ll . . . . . . .  5 a NoNI,..NsJt ) , (4.4) 

which projects spinors onto a chiral four-dimen- 
sional subspace orthogonal to the space spanned by 
the m's. The dyon then satisfies the supersymmetry 
conditions (2.2) for anti-chiral spinors e _ = P  e 
with the choice of basis 

r =  (cL O, O, O, - y ,  0, 0, 0, 0, 0 ) ,  

mo= (y, 0, 0, 0, -c¢, 0, 0, 0, 0, 0 ) .  (4.5) 

Since the dyon preserves this anti-chiral half of the 
supersymmetries, it should saturate the Bogomol'nyi 
hound. 

In general, when e2*°# 1, the metric is not asymp- 
totically flat Minkowski at spatial infinity. However, 
for e2~°= 1, go4--*0 and the Bogomol'nyi bound anal- 
ysis of  the previous section holds. The H field carries 
the dyon's "magnetic" central charge 

P4 = - y4c~'C, (4.6) 

and the metric U ( 1 ) fields carry the "electric" cen- 
tral charge 

Q4 = ay4c~'C. (4.7) 

The dyon mass is 

4 no~' C 
M = y 2  x4,] ' (4.8) 

and indeed saturates the Bogomol'nyi bound (3.18 ). 
The treatment above has been purely classical. A 

correct quantum treatment of the dyon spectrum 
should lead to a quantized tower of electrically 
charged dyon states as for conventional magnetic 
monopoles. 

5. Discussion 

Magnetic monopole solutions of non-abelian Yang- 

45 



Volume 268, number 1 PHYSICS LETTERS B 3 October 1991 

Mil l s -Higgs  theory coupled to s tandard  Einstein 
gravity have the proper ty  that  at large enough values 
of  the mass they become black holes ~L. Intui t ively this 
is due to the fact that  as the Higgs vacuum expecta-  
t ion value C is varied,  the mass M and inverse radius  
1/R of  the solut ion are both propor t iona l  to C so that  
for large enough C, we have GM/R > 1 indicat ing that  
the solution should be a black hole. On the other  hand, 
the solut ion we have presented  here has a metr ic  
without  singulari t ies or  event  hor izons  for all values 
o f  C. This  appears  to be related to the form of  the 
di la ton in the solut ion which weakens the singulari ty 
which would be expected in pure gravity. O f  course 
the fact that  extremal  supersymmetr ic  solut ions in 
theories of  the type descr ibed here are bet ter  behaved  
than non-supersymmetr ic  solut ions is well known 

[181. 
The solut ions presented here are supersymmetr ic  

solut ions to the low-energy string field theory equa- 
t ions o f  motion.  We expect,  however,  that  they can 
be per turbed  to give exact solut ions to string theory 
as long as a ' C  2 << 1 as was argued in ref. [ 5 ] for gauge 
five-branes.  In this l imi t  we also expect  the general 
features o f  the solution, including the absence o f  any 
singulari ty or  event  horizon,  to be shared by the full 
string solution. In ref. [ 5 ] it was also shown that  there 
exist exact f ive-brane solutions to string theory with- 
out  any per turba t ive  correct ions in a ' .  We have not  
been able to construct  the magnet ic  monopo le  ana- 
logs of  these solutions. 

Finally,  one of  our  main  reasons for the study of  
these solutions was to learn more  about  the relat ion 
between the dual i ty  conjecture o f  Montonen  and 
Olive and that  of  ref. [ 3 ]. In this regard it would be 
interest ing to study the interact ions o f  these mono-  
poles by generalizing the results of  ref. [ 19 ] to in- 
clude the gravi ta t ional  cont r ibut ion  to the metr ic  on 
the mul t i -monopole  modul i  space and the effects of  
the fermion zero modes.  

t See ref. [ 17 ] for a general discussion of monopoles coupled to 
gravity. 
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