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These lectures discuss a holographic approach to chiral symmetry breaking utilizing intersecting D-brane sys-

tems. Two models are discussed, one which at weak coupling is related to the 3 + 1-dimensional Nambu-Jona-

Lasinio model, and another which is related to the 1 + 1-dimensional Gross-Neveu model. Both models exhibit

chiral symmetry breaking at strong coupling.
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1. Introduction

The general theme of these lectures is the use of
the tools of string theory, in particular D-branes
[1] and holography [2], to study chiral symmetry
breaking in the strong interactions. Recall that
QCD with Nf falvors of massless quarks with
left and right-handed components qL, qR has a
symmetry group U(Nf )L × U(Nf)R which acts
as independent unitary rotations of qL, qR. We
know from the identification of pions as Nambu-
Goldstone bosons that this symmetry is sponta-
neously broken:

U(Nf )L × U(Nf)R → U(Nf )V . (1)

where U(Nf)V is generated by the diagonal
combination of the generators of U(Nf )L and
U(Nf )R. Actually, the U(1) axial symmetry is
anomalous, and as a result does not lead to an
additional Nambu-Goldstone boson [3]. This ef-
fect disappears in the large Nc limit which will be
discussed here, and so we will ignore the subtlety
in what follows.

In these lectures we will discuss D-brane con-
figurations which exhibit the same sort of chiral
symmetry breaking pattern as the strong inter-
actions. At weak coupling we will encounter a
low-energy description of these systems which in-
volves a four-Fermion interaction of the schematic
form

Lint ∼ (ψ†
LψR)(ψ†

RψL) . (2)

The flavor and color structure will be specified
later, but for now we note that this interaction
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preserves a manifest U(1)L × U(1)R symmetry
which acts as

U(1)L : ψL → eiαψL, ψR → ψR

U(1)R : ψL → ψL, ψR → eiβψR .

(3)

This symmetry is broken to a diagonal, vectorial
U(1) symmetry,

U(1)V : ψL → eiαψL, ψR → eiαψR (4)

if the fermion bilinear ψ†
LψR has a non-zero vac-

uum expectation value, 〈ψ†
LψR〉 �= 0.

In 3 + 1 dimensions the Lagrangian

LNJL = Lfree + GLint (5)

was first introduced by Nambu and Jona-Lasinio
[4] to study chiral symmetry breaking in the
strong interactions. The coupling constant G has
dimensions of inverse mass squared, so the theory
is non-renormalizable and requires the specifica-
tion of a UV cutoff Λ. The NJL model is thought
to lead to chiral symmetry breaking for GΛ2 ≥ 1.
In spite of its non-renormalizability, this model
has been widely used in phenomenological stud-
ies of QCD at intermediate energies.

The 1 + 1-dimensional Lagrangian

LGN = Lfree + g2Lint (6)

describes a 1 + 1-dimensional version of the NJL
model with a dimensionless coupling constant g2.
This theory was studied by Gross and Neveu
[5] who showed that the coupling is asymptoti-
call free and the theory exhibits chiral symmetry
breaking at large N where N is the number of
fermions. Much is now known about this model,
including the exact spectrum of massive states
and the S-matrices for these states [6–9], and the
structure of the non-trivial CFT which the model
flows to in the far infrared [10,11].

In these lectures I will describe an embedding
of these theories, or variants thereof, into string
theory. By doing so we potentially learn some-
thing about QCD (by embedding the NJL model
into a theory with good UV behavior) and have
a rich laboratory for exploring the structure of
holography. Of particular interest is the question

of whether or not the theories are in the same
phase with broken chiral symmetry at both weak
and strong coupling.

2. The D-Brane Configuration

The general set-up we will use to study chi-
ral symmetry breaking is as follows. We take Nc

Dq-branes, which we refer to as color-branes, and
Nf Dp-branes and Nf Dp-branes which we call
flavor branes. The color branes intersect the fla-
vor branes on an r + 1-dimensional submanifold,
Dp ∩ Dq = Ir. The flavor Dp-branes are sep-
arated from the flavor Dp-branes by a distance
L along one of their transverse directions. We
take Nc → ∞ with Nf fixed. At least formally
this allows up to ignore the coupling of the flavor
branes to gravity and their backreaction on the
metric and dilaton. At the next order in a 1/Nc

expansion there are many interesting issues which
deserve to be explored more carefully, but we will
have our hands full just trying to understand the
leading behavior of these systems at large Nc.

Before we analyze models with specific values
of p, q, r it will be useful to discuss the structure
of zero-modes which live at the intersections of
the color branes with the flavor branes.

2.1. Intersecting Brane Zero-Modes

Let’s start by considering the intersection Dp∩
Dq = Ir, we will then add in the intersection of
the Dp-branes with the Dq-branes.

It is useful for the purposes of classification to
imagine that we compactify all spatial dimensions
on a torus so that we can apply T-duality as we
please. In particular, we can always apply T-
ualities until one of the D-branes is a D9-brane.
We then have, recalling the discussion in [12]

Brane Intersection #ND ENS

D9 ∩ D1 = I1 8
1
2

D9 ∩ D3 = I3 6
1
4

D9 ∩ D5 = I5 4 0

D9 ∩ D7 = I7 2 −
1
4

(7)
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where ENS is the vacuum energy in the Neveu-
Schwarz sector and #ND is the number of
Neumann-Dirchlet boundary conditions. The
D9∩D1 and D9∩D5 intersections preserve half of
the supersymmetry of the D9-brane. The D9∩D7
intersection breaks supersymmetry and because
of the negative vacuum energy in the Neveu-
Schwarz sector there is a tachyon in the 9 − 7
open string sector. The D9 ∩ D3 intersection
breaks supersymmetry, but there is no tachyon.
We will discuss intersections which are T-dual to
the three cases without tachyons. For the most
part we will focus on intersections T-dual to ei-
ther D9 ∩ D3 or D9 ∩ D1, both of which have
fermion zero-modes localized at the intersection,
but no scalars or tachyons.

Let me illustrate this classification with a
couple of often studied examples. Start with
D9 ∩ D5 with the D5 world-volume spanning
the (0, 1, 2, 3, 8, 9) directions and apply T-duality
along the (8, 9) directions. This gives D7∩D3 =
I3 with the D3 spanning the directions (0, 1, 2, 3)
and the D7 spanning (0, 1, 2, 3, 4, 5, 6, 7). A fur-
ther T-duality along the (4) direction gives D6 ∩
D4 = I3. In this example we take there to be Nc

D3 or D4-branes and Nf D7 or D6-branes. The
intersection in both cases is 1+1-dimensional and
contains “quarks” transforming as (Nc, Nf ) un-
der the U(Nc) × U(Nf) gauge symmetry of the
intersecting branes. If we take Nc large with Nf

fixed then we can replace the D3 or D4-branes
with their near-horizon geometry and study a
holographical dual to gauge theory with funda-
mental matter.

However, the quarks in the examples above are
not chiral: the intersection has localized fermions
of both chiralities, and the left and right-handed
fermions have the same gauge quantum numbers.
There is an easy way to understand this which
I will illustrate with the D6 ∩ D4 = I3 exam-
ple. The (8, 9) directions are transverse to both
the D6 and D4-branes, so in a generic configu-
ration the D6 and D4 will be separated by some
non-zero distance L in the (89) directions. The
6 − 4 open strings which give rise to the quarks
will then have a mass proportional to L. Since
the quarks are generically massive, and separat-
ing the D-branes does not break any of the gauge

symmetry, the quarks at the intersection can-
not be chiral. This is a generic phenomenon:
a non-transversal intersection leads to non-chiral
quarks. We can also understand this from T-
duality. The D6 ∩ D4 = I3 system is T-dual to
D9∩D5 = I5, carrying out the T-duality is equiv-
alent to doing dimensional reduction from 6 to 4
spacetime dimensions, and dimensional reduction
of this form leads to non-chiral fermions.

In spite of this, one can study a kind of chiral
symmetry breaking in this model. The fermions
are not chiral under U(Nc) × U(Nf ), but they
are chiral under the SO(2)89 group of rotations
on the two mutually transverse directions. This
chiral symmetry is unbroken when the separation
between the D6 and D4 vanishes, and it can be
shown that this symmetry is dynamically broken
[14–16].

If we want to instead study the dynamical
breaking of the U(Nf )L × U(Nf )R chiral sym-
metry of QCD with Nf flavors of massless quarks
then we must find a different starting point. The
next section describes intersecting D-brane sys-
tems with precisely this symmetry structure.

2.2. Brane intersections with U(Nf )L ×
U(Nf)R symmetry.

We want to describe a field theory which has
a U(Nf )L × U(Nf )R global symmetry in the
limit of vanishing quark masses. According to
the AdS/CFT correspondence, the Noether cur-
rents of this global symmetry should be dual to
U(Nf )L ×U(Nf )R gauge fields in the bulk. This,
along with the fermion zero mode structure we
have discussed, clearly suggests that we need two
sets of Nf flavor branes with chiral fermions at
the intersection of the flavor and color branes.

For example, we can start with the D9 −
D3 system which has chiral fermions. If we
start with the D3 world-volume spannning the
(0, 1, 2, 3) directions and then apply T-duality
along x4 we end up with D8 ∩ D4 = I3 with
the D8 spanning (0, 1, 2, 3, 5, 6, 7, 8, 9), the D4
spanning (0, 1, 2, 3, 4). The 3 + 1-dimensional
intersection has left-handed chiral fermion zero
modes transforming as (Nf , Nc) under U(Nf ) ×
U(Nc). We want to add to this right-handed chi-
ral fermions transforming under a U(Nf)R gauge
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group. Adding another D8 − D4 intersection
will not accomplish this, since we have seen that
the fermions at this intersection are left-handed.
However, at an D8 − D4 intersection there is a
change in the GSO projection which results in
right-handed fermion zero modes. If the D8 and
D8 are coincident there will of course be a 8 − 8
tachyon which will destabilize the system. While
this starting point may be viable if one can re-
liably identify the ground state of the tachyon,
we will, following [17], pursue a simpler approach
where the D8 and D8 are separated in the x4 di-
rection by a distance L which is sufficiently large
that the 8 − 8 open strings have a positive mass
squared. If we also compactify the x4 direction,
x4 
 x4 + 2πR4 we have precisely the model first
introduced by Sakai and Sugimoto [17]. To sum-
marize, the model consists of Nc color D4-branes
which span (0, 1, 2, 3, 4), Nf flavor D8 and D8
branes which span (0, 1, 2, 3, 5, 6, 7, 8, 9) and are
separated by a distance L in x4.

If we compactify the transverse direction x4 on
an S1 or radius R4 so that x4 is identified with
x4 + 2πR4 we can also take the D4 world-volume
fermions to be antiperiodic in x4, ψ(x4+2πR4) =
−ψ(x4). In the absence of the D8-branes this
is the model first considered in [21]. The anti-
periodic boundary conditions break supersymme-
try by giving a mass to the gauginos. There will
also be radiatively induced masses for scalars, so
the massless spectrum of excitation on the D4-
branes consists of pure Yang-Mills gauge theory
with gauge group U(Nc). When we add in the
D8 and D8-branes, the chiral fermions at their
intersection with the D4-branes adds to the spec-
trum massless quarks with U(Nf )L×U(Nf )R chi-
ral symmetry, precisely as in QCD in the limit of
vanishing bare quark masses.

This theory has an interesting and complicated
structure which has been explored in [17–19].
Some significant insights can be gained by ana-
lyzing the theory in various limits, including the
limit R4 → ∞ which is what we will mainly con-
sider in these lectures. Before doing this though I
want to introduce one more model with a similar
structure.

Suppose we want to study chiral symmetry
“breaking” in 1+1 dimensions. I put breaking in

quotes because of the well-known fact that contin-
uous symmetries cannot be spontaneously broken
in 1 + 1 dimensions. We will ignore this subtlety
for now and come back later and discuss its im-
plications. Following our earlier logic we start
with a transversal intersection of two D-branes
which is T-dual to the 91 system. In particular,
if we start with the 91 system with Nf D9-branes
and the Nc D1-branes spanning (0, 1). Applying
T-duality along the 2, 3, 4 directions we obtain
D6∩D4 = I1. We then add in Nf D6-branes sep-
arated a distance L along the (2, 3, 4) directions
from the D6-brane. The resulting system has left-
and right-handed chiral fermions in 1 + 1 dimen-
sions which transform as (Nf , 1, Nc)⊕(1, Nf , Nc)
under the U(Nf)L×U(Nf)R×U(Nc) gauge sym-
metry.

3. Chiral Symmetry Breaking.

I now want to start studying the dynamics of
these theories, and in particular the question of
whether or not the chiral symmetry is sponta-
neously broken. The gauge theory on the D4-
brane is characterized by a coupling constant with
dimensions of length:

λ =
g2
5

4π
Nc = gs�sNc (8)

where g5 is the five-dimensional gauge coupling,
gs is the string couplings, and �s is the string
length. This theory is thus strongly coupled in
the UV and weakly coupled in the IR. The lead-
ing interaction between the left- and right-handed
quarks at the two intersections is due to exchange
of five-dimensional gauge bosons and is charac-
terized by the dimensionless coupling λ/L. When
λ/L << 1 we can hope to study the dynamics us-
ing a perturbative field-theory analysis. On the
other hand, when λ/L >> 1 the gauge theory
is strongly coupled and our only hope is to use
AdS/CFT ideas to find a dual description of the
strongly coupled theory.

3.1. Weak Coupling.

The Lagrangian describing the five-dimensional
gauge fields and their interaction with the quarks
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qL, qR is given by

S=
∫

d5x
[
−

1
4g2

5

F 2
MN + δ(x4 + L/2)q†Lσ̄μ(i∂μ + Aμ)qL

+δ(x4 − L/2)q†Rσμ(i∂μ + Aμ)qR

]
.

We now consider the D4−D8−D8 model. To de-
rive an effective action involving only the quarks
we integrate out the five-dimensional gauge field
AM . Keeping only the quadratic terms in the
gauge field Lagrangian, and working in Feynman
gauge, we find the following effective action for
qL:

S488̄
eff = i

∫
d4xq†Lσ̄μ∂μqL + Sint (9)

with

Sint = −
g2
5

4π

∫
d4xd4yG(x − y, L)

[
q†L(x) · qR(y)

]
×

[
q†R(y) · qL(x)

]
(10)

where G(xμ, x4) is proportional to the scalar
propagator in 4 + 1 dimensions,

G(xμ, x4) =
1

((x4)2 − xμxμ)
3

2

. (11)

The color indices in Eq.(10) are contracted in
each term in brackets separately, while the flavor
ones are contracted between the terms in sepa-
rate brackets. Thus we have the transformation
properties[

q†L(x) · qR(y)
]
∼ (1, Nf , N̄f)[

q†R(y) · qL(x)
]
∼ (1, N̄f , Nf)

(12)

under U(Nc) × U(Nf )L × U(Nf )R.
To derive Eq.(10) we used the Fierz identities

(σμ)ᾱα(σμ)β̄β = 2εᾱβ̄εαβ

(σ̄μ)αᾱ(σμ)β̄β = 2δαβδᾱβ̄

(13)

The theory described by Eq.(9) is the Nambu-
Jona-Lasinio (NJL) model [4], except that the lo-
cal interaction of the usual NJL model has been
replaced with a specific non-local interaction.

We can apply the same kind of analysis to our
D4−D6−D6 set-up. This gives rise to an effec-
tive action which has the kinetic terms for qL, qR

in 1+1 dimensions and an interaction term given
by

S466̄
int = +

g2
5

4π2

∫
d2xd2yG5(x − y, L) (14)

× [q†L(x) · qR(y)] × [q†R(y)qL(x)]

This action describes a non-local version of the
Gross-Neveu or Thirring model.

3.2. Range of interaction

Although in both these models we get a non-
local four-fermion interaction, there is a cru-
cial difference between these two models in addi-
tion to the obvious difference that one describes
3 + 1-dimensional physics and the other 1 + 1-
dimensional physics. This has to do with the
range of the non-local four-fermion interaction.
In the D4 − D6 − D6 model the integral
∫

d2zG5(z, L) =
2π

L
(15)

is finite. This implies that at distances much
greater than L, or energies much less than 1/L,
the model becomes effectively local and we can
replace G5(x− y, L) by (2π/L)δ2(x− y). We will
call this class of models short-range models. On
the other hand, for the D4−D8−D8 model the
corresponding integral is infrared divergent. If we
cut the integral off at a length scale zmax we find
∫

d4zG5(z, L) ∼ zmax . (16)

In this case there is no energy scale below which
the interaction can be treated as local. This
makes it much more difficult to analyze the dy-
namics. We will refer to such models as long-
range.

We can consider a general D-brane model of
this type with color Dp-branes intersecting fla-
vor Dq and Dq-branes on r + 1-dimensional in-
tersections Ir. Then the interaction between the
fermions localized at the intersections is short
range if p − r > 2.
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4. Analysis of the D4 − D6 − D6 model.

It is useful to start with an analysis of chiral
symmetry breaking in the short-range D4−D6−
D6 model. We will see that this theory can be
analyzed reliably at both weak and strong cou-
pling and that chiral symmetry is broken in both
regimes.

4.1. Weak Coupling.

As discussed in the previous section, for the
D4−D6−D6-model the five-dimensional Green
function can be thought of as a δ-function
smeared over a region of size L. Using the fact
that

∫
d2xG(x, L) = 2π/L we can, at length

scales large compared to L, replace the effective
action S466̄

eff by the local action

S466̄
local =

∫
d2x

[
iq†Lσ̄μ∂μqL + iq†Rσμ∂μqR +

1
Nc

2πλ

L

(
q†L(x) · qR(x)

) (
q†R(x) · qL(x)

)]
(17)

with a UV cutoff Λ 
 1

L . Comparing to [5] we
see that the Gross-Neveu coupling λgn is given in
terms of our parameters by

λgn =
2πλ

L
. (18)

In [5] it was found that at large Nc the model
dynamically generates a fermion mass which goes
like

MF 
 μe
− 2π

λgn (19)

where μ is an arbitrary renormalization scale and
λgn the coupling at that scale. Since our model
reduces in a particular limit (which will be made
more precise below) to the Gross-Neveu model,
it is natural to expect that it exhibits similar be-
havior. We next verify this by a more detailed
analysis as described in [20].

To solve the theory for large Nc it is convenient
to introduce a bilocal field T (x, y) which is a sin-
glet of global U(Nc) and transforms as (Nf , N̄f )
under the U(Nf )L ×U(Nf )R. The action can be
rewritten as

S466̄
eff = i

∫
d2x

(
q†Lσ̄μ∂μqL + q†Rσμ∂μqR

)

+
∫

d2xd2y

[
−

Nc

λ

T (x, y)T̄ (y, x)
G(x − y, L)

+T̄ (y, x)q†L(x) · qR(y) + T (x, y)q†R(y) · qL(x)
]
. (20)

Integrating out T (x, y) using its equation of mo-
tion,

T (x, y) =
λ

Nc
G(x − y, L)q†L(x) · qR(y) , (21)

one recovers the original action.
To solve the large Nc theory one instead inte-

grates out the fermions and obtains an effective
action for T , which becomes classical in the large
Nc limit. Using translation invariance of the vac-
uum, it is enough to compute this effective action
for T (x, y) = T (|x − y|). Dividing by Nc and the
volume of spacetime we get the effective potential

Veff =
1
λ

∫
d2x

T (x)T̄ (x)
G(x, L)

−

∫
d2k

(2π)2
ln

(
1 +

T (k)T̄ (k)
k2

)
(22)

where T (k) is the Fourier transform of T (x).
Varying with respect to T̄ (k) leads to the gap
equation

1
λ

∫
d2x

T (x)
G(x, L)

e−ik·x =
T (k)

k2 + T (k)T̄ (k)
. (23)

The solution of the gap equation gives the ex-
pectation value of the chiral condensate 〈q†L(x) ·
qR(y)〉. This equation has a trivial solution T =
0, but we will next see that there is a non-trivial
solution as well.

To solve the gap equation for small λ/L it is
convenient to define the field f(x, y) by

T (x, y) =
L

2π
G(x − y, L)f(x, y) . (24)

We then see that the expectation value of f(x, y)
is proportional to the condensate 〈q†L(x) · qR(y)〉,

f(x − y) ≡ 〈f(x, y)〉 =
λgn

Nc
〈q†L(x) · qR(y)〉 . (25)

In particular, the condensate at coincident points,
〈q†L(x) · qR(x)〉 is proportional to f(0), which we
will denote by mf . We will determine mf as
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part of the solution of the gap equation. We will
assume (and justify later) that f(x) is approxi-
mately constant on the scale L. Since the func-
tion G(x, L) goes rapidly to zero for x > L (and
can be thought of as a smeared δ-function) this
implies that

T (k) =
L

2π

∫
d2xG(x, L)f(x)e−ik·x 
 mfe−kL .(26)

Substituting into the gap equation gives the
Fourier transform of f(x):

f̃(k) = λgn
mfe−|k|L

k2 + m2
fe−2|k|L

. (27)

We can now determine the mass parameter mf

by evaluating f(0) in terms of its Fourier trans-
form:

mf = f(0) = λgn

∫
d2k

(2π)2
mfe−|k|L

k2 + m2
fe−2|k|L

. (28)

Dividing by mf and estimating the momentum
integral for mfL 
 1 we find

1 

λgn

2π
log(Λ/mf) (29)

where Λ ∼ 1/L is the UV cutoff of the effective
GN model. Note that the dynamically generated
mass scale

mf 
 Λe−2π/λgn (30)

is much smaller than the cutoff Λ for small GN
coupling.

To complete the discussion, we need to show
that the resulting f(x) is slowly varying on the
scale L (to justify the approximations). Fourier
transforming we find the following behavior. For
x 
 L,

f(x) 
 f(0) = mf . (31)

For L 
 x 
 1/mf ,

f(x) 
 mf
ln(xmf )
ln(Lmf )

, (32)

while for x � 1/mf , f goes exponentially to zero.
Although f(x) for x > L is not constant, it is

very slowly varying at weak coupling. Indeed,

f(0) − f(x)|x�L

f(0)

 1−

ln(xmf )
ln(Lmf)



λgn

2π
ln

x

L
.(33)

The logarithmic variation of f(x) becomes impor-
tant only on scales for which λgn

2π ln x
L 
 1, that

is, for x 
 1/mf . We conclude that f(x) varies
on the scale 1/mf � L.

The same conclusion can be reached by examin-
ing the momentum space expression for f̃(k). The
Fourier transform f̃(k) contains two momentum
scales, mf and 1/L. However, most of its sup-
port is on the scale mf . At k = 1/L it has been
reduced by a factor e−2L/λ from its value at the
origin. This means that the scale of variation of
f(x) is 1/mf .

The solution for f gives the following position
dependent condensate:

〈q†L(x)·qR(0)〉 = Ncmf

∫
|k|<Λ

d2k

(2π)2
eik·x

k2 + m2
f

.(34)

This is nothing but the massive propagator for
a fermion of mass mf . Thus, we conclude that
the intersecting D-brane model generates dynam-
ically a mass mf for the fermions living at the
intersections of the color and flavor branes. This
mass is non-perturbative in the Gross-Neveu cou-
pling and exhibits the same dependence on the
coupling as in the field theoretic analysis of [5]

One can take a decoupling limit in which the
physics of the brane configuration reduces pre-
cisely to the Gross-Neveu model. To do that one
takes λ/L → 0 and focuses on energy scales of
order mf . This sends the ratio of the mass of the
fermions mf and the UV cutoff scale 1/L to zero,
and leads to a model that is precisely equivalent
to that of [5]. The model with finite λ/L can be
thought of as a version of the Gross-Neveu model
with a finite UV cutoff.

In the above discussion we took the renormal-
ization scale of the theory to be the UV cutoff
Λ ∼ 1/L. λgn is the coupling at that scale.
One can choose some other renormalization scale
μ < Λ and define the coupling λgn at that
scale. The renormalization group guarantees that
Green functions expressed in terms of the physi-
cal fermion mass are insensitive to such changes.

One issue that was mentioned earlier but then
ignored in the analysis was the fact that con-
tinuous symmetries cannot really be broken in
1+1 dimensions. On the other hand, the analysis
through the effective potential seems to indicate a
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non-zero expectation value of an order parameter
that breaks U(Nf )L × U(Nf)R down to the di-
agonal subgroup U(Nf)V and fluctuations about
this vacuum should lead to N2

f massless scalars.
The resolution of this puzzle was provided in [10]
where it was shown that the symmetry is restored
at finite Nc. At large but finite Nc the fermion
four-point correlation function behaves as

〈q†L(x)qR(x)q†L(y)qR(y)〉 ∼ |x − y|−1/Nc (35)

The vanishing as |x−y| → ∞ shows that the sym-
metry is restored at sufficiently large distances, at
least for finite Nc.

It is known however that the model does con-
tain N2

f massless bosons, although these are not
Nambu-Goldstone bosons of a spontaneously bro-
ken symmetry. They govern the IR behavior of
the model which is described by a SU(Nf)Nc

×
U(1) WZW model.

4.2. Strong Coupling.

To analyse the dynamics at strong coupling we
replace the D4-branes by their near horizon ge-
ometry, described by the metric

ds2 =
(U

R

)3/2(
ημνdxμdxν − (dx4)2

)

−
(U

R

)−3/2(
dU2 + U2dΩ2

4

)
(36)

and dilaton

eΦ = gs

(U

R

)3/4 (37)

where U, Ω4 label the radial and angular direc-
tions in (5, 6, 7, 8, 9) and μ = 0, 1, 2, 3. The pa-
rameter R is given by

R3 = πgsNc =
g2
5

4π
Nc = πλ (38)

A D6-brane propagating in this geometry is de-
scribed by the DBI action. Ignoring the gauge
fields for now, this is just

SD6 = −T6

∫
dx7e−Φ

√
−detgMN (39)

To understand what form the D6-brane world-
volume should take, recall that we start with

a configuration at gs = 0 with the D4 span-
ning (0, 1, 2, 3, 4) and D6−D6-branes which span
(0, 1, 5, 6, 7, 8, 9). This configuration preserves a
SO(1, 1) × SO(3) × SO(5) symmetry. If we as-
sume that this symmetry is preserved at strong
coupling, then the D6 world-volume will wrap
R1,1 × S4 and be described by a curve U(x4) in
the (U, x4)-plane. For such a configuration the
DBI action reduces to

SD6 = −T6V1+1V4

∫
dx4U5/2 (40)

×
√

1 + (R/U)3(U ′)2

with U ′ = dU/dx4. The equations of motion
which follow from this action have two types of
solution. The first is a straight solution with con-
stant x4–as at weak coupling. To describe the full
configuration we add together a D6 solution with
x4 = −L/2 with a D6 solution with x4 = L/2.
The second, curved, solution is labelled by U0,
the minimum value of U , and is given by

x4(U) =
1
5

R3/2

U
1/2

0

[B(3/5, 1/20

− B(U5
0 /U5; 3/5, 1/3)

]
(41)

where

B(z; a, b) =
∫ z

0

ua−1(1 − u)b−1du (42)

is the incomplete Beta function. Note that this
solution describes both the D6 and D6 solutions.
Or rather, it describes a single D6-brane which at
large U looks like a separate D6 and D6 (recall
that these differ by having opposite orientation)
while at small U the branes join together into a
single D6-brane.

Evaluating x4(∞) = L/2 we find that U0 is
related to the asymptotic separation between the
D8 and D8-branes by

L =
2
5

R3/2

U
1/2

0

B(3/5, 1/2) (43)

Note that this makes intuitive sense: As L in-
creases the strength of the interaction between
the quarks of opposite chirality decreases and the
scale U0 of chiral symmetry breaking decreases.
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However, to determine whether chiral symmetry
is really broken we need to determine which so-
lution has lower energy. We can do this by eval-
uating the energy difference

ΔE = Est − Ecurved

∝

∫ ∞

0

UdU −

∫ ∞

U0

U(1 − U5
0 /U5)−1/2dU

(44)

Each term Est and Ecurved is of course infinite,
but we can compare the energy density for each
slice dU to obtain a finite answer:

ΔE =
∫ U0

0
UdU −

∫ ∞

U0

U(1 − U5
0 /U5)−1/2dU


 0.139U2
0 > 0

(45)

so that the curved solution has lower energy.
As noted originally in [17] this also provides a

beautiful geometrical picture of chiral symmetry
breaking. In the UV of the field theory, which is
U → ∞ in the supergravity description, we see
separate D6 and D6-branes and hence separate
U(Nf )L and U(Nf)R gauge symmetries. This is
the dual manifestation of the fact that chiral sym-
metry is restored in the UV behavior of the field
theory. As we go to the IR (small U) we see that
the D6 and D6-branes are joined together and
have only a single, diagonal U(Nf)V symmetry,
reflecting the breaking of chiral symmetry down
to the diagonal, vectorial subgroup in the field
theory.

5. Analysis of the D4 − D8 − D8 system.

We now turn to an analysis of the more com-
plicated and more realistic D4− D8 −D8 model
of Sakai and Sugimoto.

5.1. Strong Coupling.

At strong coupling the analysis is very simi-
lar to what we have already done for the D4 −
D6 − D6 model. In order to preserve the same
symmetry as at weak coupling we take the D8-
brane to wrap R3,1×S4 and a curve U(x4) in the
(U, x4) plane. The action for a D8-brane in the
D4-background then reduces to

SD8 = −T8V3+1V4

∫
dx4U4

√
1 + (R/U)3(U ′)2(46)

Again there is a straight solution and a curved
solution given by

x4(U) =
1
8

R3/2

U
1/2

0

[B(9/16, 1/2)

− B(U8
0 /U8; 9/16, 1/2)

]
(47)

and again one finds that the curved solution has
lower energy so that chiral symmetry is broken.

5.2. Weak Coupling

At weak coupling we can compute follow the
same procedure we did at weak coupling for the
D4 − D6 − D6 system. We introduce a bilocal
field T (x, y), compute the one-loop contribution
to the effective potential for a translationally in-
variant field, and derive a gap equation by setting
δVeff/δT = 0. This leads to the equation

1
λ

∫
d4x

T (x)
G5(x, L)

e−ik·x =
T (k)

k2 + T (k)T̄ (k)
(48)

At small x one can linearize the equation and find
an approximate solution with T (x) proportional
to G5(x, L). However, when we try to match this
solution smoothly onto a solution at large x the
analysis breaks down. There are various ways to
see this, but they all involve the fact that the
interaction is long-range and does not turn off at
any distance scale.

What then is the physics at weak coupling?
The answer is not known, but if there is a way
to analyze the problem it seems likely that it re-
quires some reordering of perturbation theory in
a way that would take care of the leading long-
range part of the interaction. Thus the question
of whether or not this model breaks chiral sym-
metry at both weak and strong coupling remains
open.

6. Open Questions and Future Direction

There are a number of interesting directions for
future research suggested by these D-brane sys-
tems exhibiting chiral symmetry breaking. These
include the following.

6.1. Validity of the NJL model

The NJL model is widely used in phenomeno-
logical studies of QCD at intermediated energies
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where the theory is strongly coupled. For reviews
see [23–26]. Yet to my knowledge there is no clear
derivation of the model starting from QCD (see
[27,28] for early discussions of the NJL model as
an effective description of QCD). Since the theory
is nonrenormalizable and the cutoff scale is close
to the scale determining the four-fermion cou-
pling, it is not clear whether the model actually
leads to any kind of controlled approximation. On
the other hand, the non-local version discussed
here is embedded in string theory which provides
it with a UV completion. An improved under-
standing of the embedding of the NJL model in
string theory may lead to a better understanding
of its range of validity.

6.2. The Scales of Chiral Symmetry Break-

ing and Confinement.

To connect the D4 − D8 − D8 model to four-
dimensional physics we compactified the fourth
directions, x4 
 x4 + 2πR4. The model is then
characterized by two dimensionless parameters,
λ4 = λ/2πR4 which is the four-dimensional gauge
coupling, and λ/L with L the separation between
the D8 and D8-branes. This one more dimension-
less parameter than is thought to exist in QCD.
By dimensional transmutation we can turn λ4 in
to ΛQCD which determines the scale of confine-
ment. On the other hand, the strong coupling
expression for U0 shows that λ/L determines the
scale of chiral symmetry breaking. Thus these
two scales can be varied independently, subject
to the obvious constraint that L ≤ πR4.

In real QCD it appears that the scales of chi-
ral symmetry breaking and confinement are quite
close to each other. Is this necessarily the case, or
it possible that there is some deformation of QCD
which would allow one to vary the scales sepa-
rately? One way that one might imagine address-
ing this question is through lattice QCD with
the addition of explicit four-fermion interactions
which should mock up the higher-dimensional
gauge boson exchange which in this model drives
the chiral symmetry breaking.

6.3. Holography for Non-Conformal Theo-

ries and M5-branes.

It has been known since the work of [13] that
there exists a gauge/gravity correspondence for
certain nonconformal theories which generalizes
the well-known AdS/CFT correspondence related
to D3-branes. In particular, there exists such a
correspondence for D4-branes which is the basis
for the dual description which was used here to
study chiral symmetry breaking at strong cou-
pling. However, what was used here, involving
the background geometry of D4-branes, is only
part of the story. In the far UV (that is at
very large U) the D4-description breaks down
and must be replaced by the geometry of wrapped
M5-branes. To my knowledge, the detailed map-
ping of fields and operators for such theories has
not been worked out to the same level of detail
as in AdS/CFT.

6.4. Role of the Tachyon

In both of the systems described here the gauge
fields on the flavor D-branes are dual to the left-
handed and right-handed quark currents, q̄LγμqL,
q̄RγμqR. On the other hand, chiral symmetry
breaking is determined by the vacuum expec-
tation value of the operator q̄αqβ . The bulk
field which is dual to this operator is clearly the
“tachyon” which stretches between the Dp and
Dp-branes. Of course for large enough L this field
is not actually tachyonic, it has a positive mass
squared in the UV. The fact that chiral symme-
try is broken is something that has been described
indirectly here through the joining of the branes,
but it should have a more direct manifestation in
terms of the coefficient of the normalizable mode
of this tachyon field at large U . Unfortunately
it is now yet known how to include this tachyon
field in a controlled approximation, although see
[29] for some recent progress in this direction.
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