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Instantons and the spectrum of Bloch electrons in a magnetic field
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A semiclassical path-integral treatment of the spectrum of a charged particle moving in a two-
dimensional periodic potential in the presence of a transverse magnetic field is presented. Complex
instanton solutions to the Euclidean equations of motion are identified, and it is shown that the
dilute-instanton-gas sum reproduces features of the spectrum studied by previous authors. Compar-
ison of the path-integral results to a perturbative calculation of the splitting of the lowest Landau
level is used to relate the self-similar nature of the spectrum to a type of duality in the parameter a,
the number of flux quanta per unit cell. As a byproduct of the instanton calculation the generating
functional for a sum over lattice paths of given length and algebraic area modulo a fundamental
area determined by the magnetic field is evaluated.
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—i eBA
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The quantum-mechanical system of an electron moving
in a two-dimensional periodic potential in a magnetic
field transverse to the plane of motion has attracted a
great deal of interest. It provided an early example of a
physical system whose properties depend crucially on the
rationality or irrationality of a physical parameter, in this
case the ratio of the flux through a unit cell of the lattice
to the flux quantum, a=BR/@o with + =Oh /ce and 2
the area of a unit cell. When this ratio is irrational it also
provides a simple model of an incommensurate system
with the competing periodicities being the lattice periodi-
city and a periodicity determined by a lattice whose unit
cell encloses one flux quantum. Recently it has attracted
renewed interest because of its connections to the quan-
tized Hall effect' and to the mean-field theory of the Hub-
bard model. Our own interest in this model was trig-
gered by similarities between instantons in this model and
instantons in gauge theory in 2+1 dimensions with a
Chem-Simons term. In both cases the Euclidean func-
tional integral becomes complex and one must search for
complex saddle points. In addition, the T violating term
in each case modifies the behavior of the solutions at
large distances, making perturbation theory suspect.

This problem has been studied using a variety of tech-
niques in different physical regimes. Although instanton
techniques have been used to study simpler problems in-

volving tunneling in the presence of a magnetic field, ' to
our knowledge they have not been applied to this general
class of problems involving a magnetic field and a period-
ic potential. We will try to show that path-integral tech-
niques can be successfully applied to this problem and
that they shed some new light on the intricate recursive
structure of the spectrum.

In the process of working out the instanton sum in this
theory we have had to evaluate a sum over lattice paths
of the form

All 2D lattice paths
w&th fixed endpoints

with l„l„ the number of steps in the x and y directions
respectively, and A the algebraic area of the path. We
expect sums of this form to have other applications in
problems of this type, for example, in studying the prop-
erties of a crystal of fractional statistics particles.

The outline of this paper is as follows. In Sec. II we
will briefly summarize previous work on this problem. In
Sec. III we will discuss the path-integral formulation of
the problem and the nature of the complex saddle points
or instantons. In the limits of zero or infinite magnetic
field we give analytic solutions of the instanton equations.
In Sec. IV we discuss the dilute-instanton-gas sum. It is
here that the rational properties of the magnetic field
play a crucial role. We derive an expression for the
dilute-instanton-gas sum in terms of a sum over 2D lat-
tice paths weighted by the length of the path and weight-
ed by a phase depending on the area of the path. We
show that this can be reduced to a sum over one-
dimensional lattice paths and then show that this sum
reproduces properties of the spectrum known from previ-
ous analyses. In the final section we compare the path in-
tegral calculation with a perturbative calculation of the
splitting of the lowest Landau level in a regime where
both are valid and thereby demonstrate the self-similar
nature of the spectrum. We then discuss an alternate
path-integral calculation, which treats the potential as a
perturbation and gives a Euclidean path-integral version
of Pippard's orbit lattice approach. For a particular
choice of the potential, a comparison between this
description and the original path-integral calculation re-
veals a duality symmetry between a system with a units
of flux per unit cell and one with 1/o.' units of flux. We
relate this duality to the self-similar nature of the spec-
trurn and to a path-integral version of Wilkinson's
renormalization-group flow for the spectrum. In the
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The Hamiltonian we will be concerned with is given by
'2

1 . eH= i—AV ——A + V(x)
2m c

(2.1)

with B =B„A —8 A„constant. V is assumed to period-
ic with V(x+1)= V(x) where l=ne, +me2 and e„e2
form a basis for the lattice. We will mainly restrict our-
selves to a square lattice determined by the potential

V= —Vo[cos(2irx/a )+cos(2ny /a ) —2]

with V0 ~0 so that e&=ax, e»=ay. This choice of poten-
tial gives a particularly simple form for the spectrum
when calculated perturbatively in V. In the final section
we will discuss the extension of our results to more gen-
eral potentials.

It will be useful in what follows to introduce
the dimensionless parameters a=a Be/hc and

g =(aBe) /Vomc . g is the ratio of the cyclotron fre-
quency to the frequency of oscillation about a minimum
of V. In terms of the dimensionless variables x =x /a and

y =y/a the Hamiltonian takes the form

H=g H0+ V

with

(2.2)

Appendix we compare our results on the structure of the
spectrum to those of Wilkinson.

II. SUMMARY OF PREVIOUS WORK

iap /I+i eBax (2.7)

and the uk k must then satisfy the generalized Bloch

conditions

in a projective representation of the translation group.
The importance of rational a is now clear. If a=p/q

with p, q integer, then we can find a larger magnetic lat-
tice whose unit cell is q times as large and contains p
units of flux. The translation operators that generate this
lattice then commute with each other as well as with the
Hamiltonian. For example, we could take UA(qe, ) and
U„(e2) as the generators of the magnetic translation
group. We can then construct Bloch wave functions on
the magnetic lattice, which are eigenfunctions of the
Hamiltonian as well as of the magnetic translation opera-
tors. It is easy to show that the eigenvalues of U„(qe, )

iqk) a
and U„(e2) are given by e and e respectively. k,
and k» can be restricted to a magnetic Brillouin zone:
0 ~ k, ~ 2ir /qa, 0 ~ k 2

~ 2ir /a.
We can write the eigenfunctions of the magnetic

translation operators in Bloch form as

yk /, (x,y)=e ' '
u/, /, (x,y) . (2.6)

Working in Landau gauge with A=( By, O—) the transla-
tion operators then take the form

U„(qe, )=e

—»

Hll/Vo= —
2 2(8 +i) )+ — yi)

8~»a» ~ 2 27/a
(2.3)

uk k (x+qa, y)=u/, /, (x,y),

u„„(x,y+a)=e '" "uk k (x,y) .
(2.8)

i e e
UA(1)=exp —1 p ——A+ —BXr

c c
(2.4)

which satisfies [UA(1),H]=0. However, the translation
operators no longer commute with each other. Instead,
there is a net phase upon translation around a unit cell of
the lattice:

UA(el)UA(e2)UA (el )UA (e2) (2.&)

V/ Vo = —[cos(2irX ) +cos(2iry )
—2],

where we have chosen Landau gauge A=( —By,O). We
would like to know the spectrum of H as a function of a
and g

For vanishing magnetic fields the answer of course is
well known. The Hamiltonian then commutes with the
translation operators which generate translations by the
basis vectors of the lattice. The spectrum consists of
Bloch bands parametrized by the eigenvalues (k„,kp ) of
the translation operators.

For nonzero magnetic fields the situation is more sub-
tle. The basic problem arises from the fact that although
V and B are invariant under lattice translations, A is not,
but rather changes by a gauge transformation. In order
to construct translation operators that commute with the
Hamiltonian one takes

Since [H, U„(e,)]=0, the states

UA(nel)1 k, k (x y) 4k, k —2 / .(x y»
n =1.. . q

—1

are degenerate in energy.
One simple example of this formalism arises when we

consider an "empty" lattice, that is we impose the
preceding periodicity conditions but take the potential to
be identically zero. The eigenfunctions of the Hamiltoni-
an are then the Landau wave functions given by

4'k"'(x y)=e " 0'"'(y —yo) (2.9)

with energy E„=(n +1/2)lie/, They are .also eigenfunc-
ik„qations of U„(qe, ) with eigenvalue e " . The p'"' are the

usual harmonic-oscillator wave functions given in terms
of Hermite polynomials. Explicitly we have

—eB( —
) /2P'"'(y —yo) =X„e ' H„(v'eB (y —yo)) (2.10)

with H„ the nth Hermite polynomial, y0= —k /eB, and
X„anormalization factor.

We can construct simultaneous eigenfunctions of
U„(qe, ), H, and U„(e2) as linear combinations of these
Landau functions,

For later use we also define a=2~/4 =e/Ac so that the
»m.ia —isa B

0
phase factor is e ~' =e'" B. From a mathematica1 point
of view, the presence of a constant magnetic field results

y'k"'
k (x,y) =y e

™k'
UA (me2)i/)'k"'(x, y) .

Writing this out explicitly we have

(2.11)



11 330 DENISE FREED AND JEFFREY A. HARVEY 41

p'k"'k (x,y) =N„exp(ik„x )g exp[ima(eBx —k«) —eB(y —yo+ ma ) /2]H„(v'eB (y —ye+ ma ) } .
x' y

m

(2.12)

For the lowest Landau level this can be written in terms
of the Jacobi 8 function

and writing

i'(ma, na)=e'" g(n), (2.19)

as

e(
~ ) y iwn r+2winz

'k —B( — )2//2

yko'k (x,y)=Noe " e ' e(z~r)x' y

(2.13)

(2.14)

the Schrodinger equation reduces to a one-dimensional
difference equation:

g(n +1)+g(n —1)+2cos(2nna+v)g(n) =sg(n),

(2.20)

with

'T= 1 (X,

z =—[(x —xo)+i(y —yo)],
(2.15)

E(k) =2EO[cos(k, a )+cos(k a )], (2.16)

and then replacing Ak by the operator p
—e A/c to create

an operator which is treated as an effective single-band
Hamiltonian. This approximation ignores interband mix-
ing and is thus valid only if %co, «E where E is a typi-
cal gap energy so that magnetic breakdown can be ig-
nored. In our model this corresponds to assuming that
g «2m.a. With this substitution the Schrodinger equa-
tion for this effective Hamiltonian can be turned into a
difference equation. In Landau gauge with A„=—By
this gives

and xo=k /eB.
When V =0 the spectrum is infinitely degenerate.

From a group-theoretical point of view this is a conse-
quence of the fact that the operator which generates
translations in the y direction commutes with the Hamil-
tonian but not with the generator of translations in the x
direction, so that the Landau wave functions are neces-
sarily mapped onto other degenerate Landau functions by
the action of the y translation operator.

The analysis of this problem when both the potential
and magnetic field are nonvanishing has occupied a great
deal of effort over the last 50 years. Although in most
cases of physical interest the shift in energies associated
with the magnetic field is small compared with the Fermi
energy or the energy gap between bands, it is not possible
to solve the problem by doing simple perturbation theory
in the magnetic field because a magnetic field of any size
changes the qualitative long-range behavior of the wave
functions.

Historically the first approach to this problem was
based on a tight-binding approximation using the Peierls
substitution. What this amounts to is considering a
tight-binding form for the Bloch energy function:

known as Harper's equation or the almost Mathieu equa-
tion. Comparing with the earlier discussion we see that g
is an eigenfunction of U„(qe, ) with v=k, a but not an
eigenfunction of U„(ez). The spectrum of this equation
was analyzed by Azbel' using continued fractions and
by Hofstadter" and Wannier' using transfer-matrix
techniques. Hofstadter's work emphasized the self-
similar structure of the resulting spectrum and made
famous the graph of the spectrum of Harper's equation as
a function of a reproduced in Fig. 1. One of the remark-
able facts about this spectrum is its recursive or self-
similar nature. For example, Fig. 2 gives a plot of the p
lowest bands in the spectrum for a=p/q between —,

' and

3
and denominators q up to 200. Figure 2 clear 1y resem-

bles Fig. 1 up to an u dependent rescaling. In Sec. V we
will discuss the physics behind this self-similar structure.

Remarkably, Harper's equation with the parameter a
replaced by 1/a arises in a different approach to this
problem based on studying the perturbation of the lowest
Landau level induced by a weak periodic potential. ' In
the limit of large g the potential term is much smaller
than the Ho term in (2.2) and one can study the spectrum
by doing standard first-order degenerate perturbation
theory. Writing the energy as

E=g E ] +Eo+g E& +
we have

(2.21)

between the degenerate Landau wave functions (2.9) la-
beled by k . For a fixed value of k, say k, let C be the
coefficient of the Landau wave function with
k„=k„+2m.m /a. The cos(2my/a) term is clearly diago-
nal in k„. Its matrix element is proportional to

cos(2nyo/a)=cos(2nm/a+k„a/a) .

E
&
=fico, /2g = Vo/2na. .

To calculate Eo we have to evaluate the matrix ele-
ments of

cos(2m x /a ) +cos(2my /a ) —2

Eo[f(x,y +a )+g(x,y —a )+e+" '«p(x +a,y)

+e " '«g(x —a,y)]=EQ(x,y) .

With the substitutions

x =ma, y =na, c=E/Eo,

(2.17)

(2.18)

The cos(2mx /a ) term couples Landau wave functions
with values of k„differing by +2m/a and thus couples
C +& to C . The resulting equations for the coupled
Landau wave functions are just Harper's equation (2.20)
with the parameter a replaced by 1/a and with the pa-
rameter v determined by the initial value of k . Varying



INSTANTONS AND THE SPECTRUM OF BLOCH ELECTRONS. . . 11 331

I I I I 1 I I I I I l I I I

0.8—

0.6—
.p$ I

4

nag~a e

0.4— I

P~

I

Q.2—

I I I I I I I I I I I

I ht~

ehgy ~

I I I I I I I I I I I I I I I I

—3 —2 —1 0 1 2 3

Energy

FIG. 1. Spectrum of Harper's equation as a function of a, the number of fiux quanta per unit cell, for rational a =p/q and denom-
inators q up to 60.
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FIG. 2. The p lowest bands in the spectrum of Harper's equation for a =p/q between —' and —,
' and denominators q up to 200.
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k over the allowed range and evaluating the matrix ele-

ments gives

E(crt y [2+ i —m/2a~(1/ )] (2.22)

where &(1/a) means the spectrum of Harper's equation
with parameter 1/a. In Fig. 3 we plot EP' for 1/a be-
tween 0 and 1 as obtained by appropriately rescaling Fig.
1. The region in the dashed box containing the lowest
bands for 1/a between —,

' and —,
' is shown in expanded

form in the right-hand plot of Fig. 5 and will be corn-
pared in Sec. V to an instanton calculation of the same
portion of the spectrum.

It is striking that the same equation with the parameter
a replaced by 1/a occurs in two different treatments of
this problem which apply to different physical regimes.
It suggests that there is some sort of duality in the prob-
lem and is also reminiscent of the self-similar structure of
the spectrum. It is mainly this second point that we wish
to explore. We will do this by showing that an instanton
calculation of the spectrum at large g (where the tight-
binding calculation is not valid) gives a spectrum propor-
tional to %(a) which is valid for a=p/q ))1. Demand-
ing that this agree with the perturbative calculation
which is also valid for large g and given in terms of
%(1/a) will allow us to determine analytically how the
spectrum is mapped into itself. Our analysis is closest to
that of Wilkinson who used semiclassical techniques to
directly analyze Harper's equation following earlier work
by Azbel'. ' However, our techniques and point of view
are somewhat different. We next turn to a discussion of
instanton techniques in this problem.

III. PATH INTEGRALS AND INSTANTONS
IN A MAGNETIC FIELD

Ig& —ge e!N)=pe ' eU"!p) . (3.1)

The states !8) will to leading order be simultaneous
eigenstates of U and the Hamiltonian H. We thus have

(e!e """!e')=2~v(e e')e —"""
(3.2)

with 8 defined mod2m. In the limit T~ (x) only the ener-

gy E of the lowest band will survive.
To write a path-integral expression for the matrix ele-

ment (3.2) we first use (3.1) to write it as

In the following two sections we will evaluate the Eu-
clidean path-integral in the dilute-gas approximation to
find the low-lying energy levels. We will first discuss the
interpretation of the path integral and then present the
form of the instanton solutions. The following section
contains the explicit evaluation of the dilute-instanton-
gas sum.

Recall the derivation of the path integral for the ener-
gies of the lowest band in a one-dimensional periodic po-
tential. ' Suppose the potential has minima at x =Na, N
integer, and let !N ) be an approximate eigenstate of the
Hamiltonian centered around x =Na. We construct
eigenstates of the translation operator U=e'~' "as

O.B—

I I I I I I I I I I I I I I

igQ ryr

ts+Z /
&k.&

P4E

T pal

I I I I I I I I I I

O.6—

o 05 1 1.5 25 3 3 5
Epert

0

FIG. 3. EP" as a function of I/a as obtained by rescaling Fig. I according to Eq. (2.22).
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Hrr
M

ig+ (8 8') ig (8+8')
& l

HT/gl

Q+ Q

(3.3)

with Q+ =(I+N)/2. Using

ig+(8 —8') —2 g( 8 ei )

Q+

spectively. In the previous notation 0„=qk
&
a and

0 =k2a.
In the absence of tunneling we have approximate posi-

tion eigenstates localized about the minima which we will
denote by pairs of integers, ln)—:In„n ). We can actu-
ally construct q different eigenstates of U„(qe, ) and

U„(ez) as

l8j ) = g e ' U'(N e~)U(Nqe))lj0),
N„,X

and the usual path-integral expression for the matrix ele-
ments (Qle "l0) we then have

j=0. q
—1 .

Now consider the matrix element

(3.7)

lim e ' = lim pe'g I[2)X]ge e, (3.4)T~ 00 T~00
Q

where [2)X]g indicates the path integral over paths with
X( —T/2)=0 and X(+T/2)=ga. We can then write
this as

—Se /A'+ig8
lim Xe

T~ 00
(3.5)

( gl8 HTIAl ei )— (3.6)

with l8) an eigenstate of the translation operators
iO„ i8

U„(qe, ) and U„(ez) with eigenvalues e " and e ' re-

where the integral now sums over paths starting at 0 and
ending at any minima and where Q=(1/a) fx dt. The
semiclassical instanton calculation of (3.5) is given by an
unrestricted sum over instantons and anti-instantons in
the presence of the "topological" term eg. Note that we
have neglected to insert factors for the initial and final
wave functions. This is equivalent to assuming that the
states lN ) are sufficiently narrow that they can be ap-
proximated by position eigenstates.

%e now wish to extend this analysis to the case of a
two-dimensional periodic potential with a magnetic field
to get a path-integral expression for the matrix elements

(g,jle "lg',j') . (3.8)

IE;,e& =y le,j && 8,jlE;,8&, (3.9)

and we can thus write (3.8) in the form

y & e,jlE„e&&E,, ele', j'&e (3.10)

For large T this will be dominated by the q lowest ener-
gies consistent with the given values of 8. Multiplying
(3.10) by (8',j 'lE„,8') and summing over j' projects out
the energy of the kth band.

To derive a path-integral expression for (3.8) we use the
explicit forms for U„(qe, ) and Uz(ez) to write the
right-hand side of (3.7) as

(3.11)
N

Using this we can write (3.8) in the form

Since H commutes with U„(qe, ) and U„(e2) this matrix
element will be diagonal in 8, but we expect that because
of tunneling there will be mixing between states labeled
by different j. The true energy eigenstates will then be of
the form

I

ye' 8'"'~e "' ' '' ' ' (j+qN„,N le " '"lj'+qN„', N') .
N N'

The matrix element appearing in (3.12) can be written as

(3.12)

(j +qN„, N~lU&((j'+qN„')e))U„(N e~)2e "l0,0) =e ' (j —j'+q(N„N„'), N~ N'le — "l0,0) . (3.1—3)

Rewriting the sums in (3.12) in terms of Q=N —N' and M =N+N' and performing the sum over M then gives

(2n. ) 5 (8— 8)gexp[ig„„ei+g (8 2rraj )](j j—'+qQ„, Q le — ~"l0, 0) . (3.14)

If we set j=0 and sum over j' we can then rewrite this as a path-integral summed over paths starting at (0,0) and end-
ing at any minimum n, with the addition of a "topological" term 8 (1/a ) f xdt to the action:

(3.15)
x( T/2) =aQ

In the limit of large T this path integral should by this analysis give (3.10) summed over j' and with j set equal to
zero. %e thus expect q different energy bands labeled by 8 to emerge from the path-integral analysis.

In order to carry out the evaluation of (3.15) we need to determine the form of the instanton solutions and then per-
form the dilute-instanton-gas sum. The evaluation of the sum is somewhat technical and is presented in the following
section. In the rest of this section we discuss the form of the instanton solutions. The Euclidean action is given by
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S = f dt —(x +y )+i xy+ V(x,y)
m . 2 . 2 . e8 .

E 2 c
(3.16)

where V(x,y} satisfies

V(x +a,y)= V(x,y) and V(x,y +a)= V(x,y) .

In order to discuss the explicit form of the Euclidean action, we will consider the potential

V(x,y) = —Vo[cos(2lrx/a )+cos(2lry/a ) —2]

(3.17)

(3.18)

+iy [cos—(2lrx )+cos(2lry )
—2] . ,

dx

dg

with minima at x =n a,y =n a for n, and n„ integers. However, the general form of the instanton gas sum only de-

pends on the fact that the potential is periodic in x andy and that, except for the Aharonov-Bohm phase, the action due
to the instanton solution is real.

Call the cyclotron frequency co, =eB/mc and the frequency due to the potential elo=(2lr/a)Q Vo/m. To write the
equations in dimensionless form we first rescale x/a~x, y/a~y and introduce a dimensionless time coordinate
g=t/r with r=ma co, /Vo =ah/Vo. The Euclidean action and equations of motion then take a simple form in terms
of the dimensionless quantities a and g =co, r = (2nco, /aio.):

2
SE
fi 2 l dg dg

(3.19)

from which follows the instanton equations of motion ImSz /R =2tray R Axtt (3.24}

d X 2 . dg

dg
=g i +—2lr sin( 2n.x )

r

d dx
dg2

=g i +2m sin(2my)

The real part of the action is
(3.20}

(3.21)

dXR
2

ReSz/fi=2rra f dg
2g2 d(2

dy12

dg

dXR

dg
y't

—[cos(2lrxn }+cosh(2lryt ) —2] . (3.25)

XR d
=g +2lr sin(2&xii )

de d
(3.22)

dXR
2

=g +2lr sinh(2~yt)df'
The imaginary part of the Euclidean action for such an
instanton corresponds to the Aharonov-Bohm phase and
reflects the fact that the action is not translationally in-
variant. It is given by

(3.23)

Thus the form of the instanton solution depends only on
g . The Euclidean action depends on both a and g but
the a dependence is trivial, just giving an overall rescal-
ing of the action.

We are looking for solutions to the equations of motion
that start at the bottom of one well, (x,y) =(n„n~ ) and
travel to the bottom of an adjacent well, where
(x,y)=(n„+l, n~) or (n„,n~kl). Since the action for
these are the same up to a gauge-dependent phase, which
for our choice of gauge is acquired only by an instanton
traveling in the x direction, we will analyze instantons in
the x direction. The magnetic-field terms in equations
(3.20) and (3.21) are imaginary, so we cannot find real
solutions to the equations of motion. However, for any
potential that is even around its minima, like the cosine
potential we are considering here, we can look for solu-
tions of the form x=n„+xi(ig) and y=ys+iyt(g),
where xli(g) and yt(g) are both real functions of g;
yti=n; xs(g) runs from 0 to +1; and yt(g) begins and
ends at 0. The instanton equations are then purely real:

There are two limits in which it is possible to find ana-
lytic solutions to the instanton equations. The first is in
the limit of vanishing magnetic field. This corresponds to
the limit a~0 and g ~0 with the ratio u/g held fixed.
In terms of the original variables we can take yi =0 and
use energy conservation to find

'2
2Vo

[1—cos(2+x/a )]
dX

dt
(3.26)

with the solution

2a i 2m't/ v() /ma (t —
to ixt= tan e (3.27)

where to is the arbitrary midpoint time of the instanton.
In this limit the Euclidean action is given by
S~/Pi=4( Voma )'~ /rrlrt.

In Sec. V, we will require the explicit form of the ac-
tion in the limit that the magnetic field is large compared
to the strength of the potential, or as g ~ ao. ' The in-
stanton equations in this limit are given by

y

dg
dXR

= —2' sin(2lrxii ),

= —2m sinh(2lryt) .

(3.28)

(3.29)

These imply that the potential evaluated along the com-
plex instanton path is constant (and equal to zero for our
choice of potential). The real part of the Euclidean ac-
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tion is then given by

Qxg
ReSz /A'= —2m a dt yz = —2n.a dxz yz(xz ) .

dt 0

For any value of the parameters and a general periodic
potential, each instanton in the +x direction contributes

(3.34}

Using
and each instanton in the ky direction contributes3.30

dtS (3.35)
cosh(2myz ) =2 —cos(2mxz )

we find

2n—[3 4—cos(2mx„)+cos~(2mxz )]'i~,

which can be integrated to give the solution

2nxz=2tan '(&2sinh4m g)+n,
2nyt= —cosh '(1+2sech8n g} .

The real part of the Euclidean action is

ReSxlh of =cosh '[2 cos(2xxs—)]des .
0

Numerical evaluation of the integral gives

ReSz/fr=(a/2n')7. 32772 .

(3.31)

(3.32)

(3.33)

—( 1 /fi) S~„ —( 1./A)SE
where S, =E„e " and S =K e ', and Sz„
and Sz~ are the real parts of the classical Euclidean ac-
tions for instantons in the x and y directions, respectively.
The factors K„and E„are due to the Gaussian integrals
obtained by expanding the action around the classical in-
stanton solutions in the x and y directions. More
specifically, E„ is proportional to

det'[D+ V"(x;„„)]
det[D+ V"(0}] (3.36}

where the prime means that the determinant has been di-
vided by its lowest eigenvalue, and where the deter-
minants are evaluated over functions that vanish at
+T/2. The operators D and V"(x) are given by

For intermediate values of g it is necessary to use nu-
merical methods to find the instanton solutions. We have
done this using relaxation methods, the results are
presented in Fig. 4 which gives the real part of the Eu-
clidean action divided by 2~a as a function of g . Note
that the action takes its minimum value as g approaches
00 and increases rapidly for g &1. Thus the semiclassi-
cal limit is valid at large a for all values of g . and

m 8
2 gf2

f72 CO

l
2 Bt

m coo
l

2 at

m 8
Bt

(3.37}

30

25

20—

15

10

10

FIG. 4. Euclidean action divided by 2mah as a function of g for instantons in a sinusoidal potential.
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V"(x)=-,'

BzV 82V

BxBy

BV BV
Bye Qy2

The constant of proportionality must correct for chang-
ing the integral over the zero mode to the integral over
time. Once again, the eigenvalue equations,
(D+ V")x(t)=Ax(t), are complex, but for potentials like
the simple cosine potential in Eq. (3.18), if we let one of
x (t} and y(t} be purely real and the other purely imagi-
nary, then we obtain real symmetric equations. The real
determinants can then be solved for numerically by a gen-
eralization of the method used for one-dimensional deter-
minants in Refs. 17 and 18.

Because the instanton solutions are complex, one ought
to make sure that for each t it is possible to deform the
integrals over x(t) and y(t) into the complex plane so

that the contours pass through the classical solution,
x;„„(t)and y;„„(t}along the direction of steepest descent.
In addition, it should be checked that the Gaussian deter-
minant does not pick up any additional minus signs or
phases due to the direction of integration. We will not
pursue these questions in this paper.

IV. THE DILUTE-GAS SUM

We are now ready to evaluate the path integral for the
propagator in the dilute-gas approximation. This is ac-
complished by summing over all classical paths in which
the particle travels from the bottom of one well to the
bottom of another along adjoining instanton paths. We
assume that the only significant contribution is due to in-
stantons traveling between adjacent wells. Each of these
instantons contributes a factor given by equation (3.34) or
(3.35). The dilute-gas sum is then

g (8,0~e "~8',j') =(2m) 5 (8—8'}f(T)

fl M+)V —
1

M+N
XPf '"

dt) f '
dt, f '

dtM+~e' S„S"ex'p ieB g—y„bx„
k=1

(4.1)

The sum is over all instanton paths starting at xo=(0,0) and ending at all possible minima xf =aQ. For each path, M
and N are the total number of instantons in the kx and +y directions, respectively. f(T)~det[D+V"(0)]
gives the correct energy when there is no tunneling. For the potential in Eq. (3.18), f(T) is proportional to
exp[ —

—,'(t0, +4coo)'~ T] for large T. Lastly, yk denotes the initial y coordinate of the kth instanton and bxk is the dis-

tance it travels in the x direction. The integrals over time can immediately be evaluated and give a factor of
T + /(M+N)t.

The main di6'erence between this sum and the usual sum without a magnetic field is that in this case we must keep
track not only of the total length of each path, which is proportional to the number of instantons M and N, but also of
the total area, +M+, ~y, b,x;, enclosed by each path.

In order to evaluate the dilute gas sum, we must first parametrize the paths. This can be done by dividing the "time"
into N +1 intervals labeled from 0 to N. Each interval, except the first one, begins with the particle taking one step in
the y direction. We define the set of numbers (n „.. . , n~) with n, = 1 so that an, y denotes the total distance traveled
during the ith such step. During the ith interval, the particle takes M; steps in the x direction. To describe each of
these M, steps we require the set of numbers (m, „.. . , m, m, M ) with m, , = 1. Then am, ,x is the total distance trav-

l

cled on the jth step during the ith interval. In terms of these parameters, we can write the total number of steps taken
in the x direction as

N

M=+M;,
i=0

the total distance traveled in the x direction as

(4.2a)

M,

xf —xo=a m;
i =0 j=l

the total distance traveled in the y direction as

N

yf —yo=ag n, ,

(4.2b)

(4.2c)

the total distance traveled in the x direction during the ith interval as

M,

ax, =a y m,„,
k=1

(4.2d)
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and the y component of the particle's position during the ith interval as

I

y; =yp+0 gj=l
The total area enclosed by the path is given by

N N

g y, bx;=a g g m;k( g nj),
i=0 i =Ok=1 j=l

where g i n is defined to be 0. We will need the expression exp( i eB—Q y; b,x; ), which we can write as

l

ii ii exp
i =Ok=1 j=l

%'ith this parametrization, the instanton-gas sum becomes

(4.2e)

(4.3)

(4 4)

N=0 M0=0
r rr ri r

1' ' ' ' 'nN) t=o 1=0 m&1

n. =+1
1

exp i8„+m;I, +i 8 g n,
ik j

TM+N N t iXS„S„,ii ii exp i2m—am;„. g n
' i=pk=l j=l

(4.5)

To facilitate doing this sum, we introduce a 5 function in the form

00 l 00

1= g 5L M+&= g f dvexp iv(L N —gM—, )
2mL o o l

(4.6)

Collecting all the terms that depend on N and M, only in the combination L =N+ g; M;, we can sum exp(ivL )T~/L!
over I. to obtain the following form for the propagator:

f(T) f dve ' G(8„,8,v),
2K 0

where

(4.7)

G(8„,8,v)= g
N=OM =00 M„=O{n,, . . . , nN i

n,. =+1

exp i8 gn,
J

X exp i v N+—g M, SMSN

M,. t

X ii ii exp im;I, 2m a—g nj
—8„

(xf xp )
=+exp i8

0xf

—i vM~M —i vN~N —i eB Ae S„e Se
All 2D lattice

paths with
endpoints x0, xf

(4.8)

where xp=((), ()). Now the sums over the m;k and M, can be easily performed. The first just give cos(27rag~ =i n,
—8„)

and then the second is a geometric series. We are then left only with the sums over N and (n„. . . , &iv), so what

remains is really a sum over one-dimensional random walks. This sum is

G(8„,8,v)= g
N=O{nl, . . . , ny)

n =+1

N N

e '"
S» exp i8» g n, ii 1 2S„e "co—s 2irag n/

—8„
i=0

(4.9)

At this point it is important to remember that the argument of the cosine, 2mag i n —8, is defined only modulo
2m. When 2ira=2vrp/q, this implies that we only need to know the values of g'

&
n mod q. The fact that g', n

takes on only the q distinct values of j =0, 1, . . . , q
—1 (mod q) will lead to the existence of the q different energy bands.
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When a is irrational, g, n can be any integer from zero to infinity, which is equivalent to setting q ~ Oo.

, n, is the net distance traveled after the first i steps of the one-dimensional walk. If we number each site of the
one-dimensional lattice consecutively, starting with zero at the particle s initial position, then for each path of N steps
we can define I as the number of times the particle lands on a site that is congruent to j modq, and the net distance

traveled as

n; . (4.10)

With these definitions, the total number of steps is N =g'&:oil and the sum can be expressed as

—ivl l
oo i8„5 q

—1 er ',„rr
N= o(n&, . . . , n&) 1 —2Sx cos8x J=o [1—2S„e ' cos(2~aj 8„)]

(4.11)

to simplify the equation for G, we set

I Vge y

1 —2S„e '"cos(2ma j—8„)

so that G has the form

(4.12)

where F(0) describes the starting configuration. In
the case we are studying, the particle starts on
the zero modq site with an accompanying factor of
1/ (1—2S„e '"cos8„). Thus, F(0) is given by

1
oo i8 bq l.

G(8„,8,v)=, g g e ' g t',
1 —2S e '"cos0„~=Op ghs j 0

(4.13)

F(0)= 1 0

1 —2S„e ' cos8„
0

(4.17)

where the second sum is over all random walks of length
N starting at zero. Thus, we want to sum the expression

i8 5 ) l.
e ' gjt:o t, ' over all paths.

For a particular path, the summand, e ' gj:o t ',
can be found recursively. For example, suppose that on
the (M +1)st step the particle lands on a site that is num-
bered k modq. This is possible only if after the Mth step
it was on a (k —1)modq site or a (k +1)modq site. In
the first case, the particle moves forward during the
(M+1)st step, so the distance traveledh, , increases by

i8
one unit. As a result, the summand gains a factor of e
In addition, because the particle has landed on a k modq
site, lk increases by one, so the summand also picks up a
factor of tk. Similarly, in the second case the summand—i8
gains a factor of e 'tk.

More generally, we define the q-dimensional vector
F(N} as

The q X q matrix A is given by
—i8 i8

Ajk J ~j+ i, k+tje fij —i, k (4.18)

G= g g Fj(N)= g (1,1, . . . , 1)A
N=O j=0 N=0

0 1
X

1 —2S,e ' cos8„
0

where the argument of the 5 function must be evaluated
modq. We want the sum over all paths starting at zero,
not just over paths with fixed length and fixed end points,
so we must sum F (N) over all N and j. Thus we obtain
the following expression for G:

l i8
F,(N)= g g (tk) "(e '), j=0, 1, . . . , q

—1,
paths k =0

(4.14)

or, after performing the sum,

(4.19)

where the sum is over all paths of length N starting on
site zero and ending on a j modq site. Then Fk(N+1) is

obtained as follows:
—iO iOF„(N+1)=tke 'F„+,(N)+tke 'F„,(N)

0
(1,1, . . . , 1)(I—A )

1 —2S e ' cos8
0

L

(4.20)

—:Ak;F;(N) . (4.15}

Because this expression is valid for any N, we can write
the vector F(N) as

It will be convenient to write the t in terms of z =e'"
J

and to write (I —A ) in terms of a Hermitian matrix I
which is independent of z. Thus, we define

r =2S„cos(2m aj—8„),
F(N) = A F(0), (4.16) so that
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S
t. = y

z —rJ

In addition, let

z rp

z rl

(4.21) g(I —A) 0'= g(Iz H—) 0' .
z ro

Therefore, in terms of H and z, G is given by

G=zg(Iz —H) o' .
J

(4.24)

(4.25)

Iz —H=

Then

Z rq

[I—A] . (4.22) Substituting this expression for G and the integral over v
into the equation for the propagator, we obtain

g(8, 0~e "~8',j') =(2n) 5 (8—8')f(T)

—ig i8
Hjk =r)5~k+St, e '5~+i ir+Sye '5

is the usual matrix for the energy eigenvalues in the
tight-binding model. Using the standard expression for
the inverse of a matrix, we can write

X f"dv' e"'"
0 2'

q
—1

(I iv H) ——I

j=o
(4.26)

0
(1,1, . . . , 1)(I—A )

'
~ =g (I —A)

0

g( —1)jdet(I —A )

det(I —A )

(4.23)

where M'. denotes the matrix obtained by deleting the ith
row and jth column of M. It follows from this identity
that

Next we write z =e" and convert the integral over v into
the following contour integral:

Tz —1

g unir circied g ( z )jQ27Tl
(4.27)

The poles in the integrand are the poles of

q
—1

g (Iz —H ),o' = g (
—1)jdet(Iz H), /d—et(Iz H), —

J=0

which is a ratio of polynomials in z. Therefore, they
occur at the z~ for which det(Izz —H) =0. Summing the
residues over all the poles, we obtain the final form of the
propagator.

y (8', 0~e "~8',j ') =(2~)'5'(8 —8')f(&)
z such that

det(Iz —H ) =0
P

q
—

1

g det(Iz H), —
Tz j=0

P

B,det(Iz H)— (4.28)

Comparing with Eq. (3.10), we find that the energy eigen-
values are labeled by 8, 8, and p, and that the shift in
the energy eigenvalues due to the tunneling is given by

g(S„,S,e "
)

= f d8„f d8 A(xf, xo)G(8„,8,0), (4.31)
0 0

E = fiz~, where det—(Iz H) =0 . — (4.29)
where

Thus, the energy levels are the eigenvalues of the matrix—H. As we will see in the following section, this is essen-
tially Harper's equation.

We can also use the sum performed here to obtain an
expression for the generating function

+eByp(xf xo) (4.32)

(xf xo ) (yf —
yo )

A (xf, xo) = exp i 8„— +8
4m a a

gMgN —ieBA
x ye

All 2D lattice paths
with fixed endpoints

(4.30)

Taking v=0 in the final equation (4.26) for G, we find the
following expression for g:

g= f d8 f d8 A(xf xo)g(I —H) o' .
J

where aM and aX are the path's total length in the x and

y directions, A =g,. y,.b,x; is the area enclosed by each
path on the lattice, and xo and xf are the initial and final
endpoints. In fact, G(8„,8,0), as defined in Eq. (4.8), is
the Fourier transform of g, so g can be written as

Thus we have found an expression for g, which is the gen-
erating function for the number of paths on the lattice
which have fixed end points, which enclose a fixed area
modulo 2m/eB, and which have fixed length in the x and

y directions.
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V. SELF-SIMILARITY AND RKNORMALIZATION
GROUP FLOW

To summarize the results of the preceding section, the
energy levels found in the dilute-instanton-gas approxi-
mation are given by

to a, so in the limit of large a, the semiclassical approxi-
mation is valid. Ignoring the effect of the phases, we ex-
pect the dilute gas approximation to be valid when the re-
ciprocal of the density of instantons, given by—S~ /A
1/(Ee ), is much greater than the time it takes for
an instanton to tunnel, or when

E=E,+%(S„,S~,a), (5.1)

—SE/I/(Ke ' )»r=
Vp

(5.6)

where E, is the ground-state energy of the particle in the
absence of tunnehng and &(S„,S,a} is the shift in the
energy due to the tunneling. For the symmetric cosine
potential in Eq. (3.18), E, is given by

Assuming that E is not an exponential in a, we see that—S /fi.
1)&~ECe ' is automatically satisfied for large a, since
SE=7.3a/2m. . Therefore, for large a and g, the path-
integral calculation should be valid to zeroth order in
1/g . In this limit, the energy levels are given by

E, =—(co +4' )' +b,Efi

where AE, is the shift in energy obtained by treating

V(x,y) —[mcoo(x +y )/2 —2VO)

(5.2)

Np
2

E'""=—co (1+2 )+A'I(.e r "&(a)
CO

r

2= V + +fiEe r &(a),
4ma a

where we have set

(5.7)

as a perturbation to the harmonic well. The first-order
term, proportional to Vo, in AE, is

2'
y = f cosh '[2—cos(x)]dx =7.3277 .

0
(5.8)

—2VO[exp( irla) —1+ir/—a] .

&(S„,S~,a) stands for the eigenvalues of the equation

However, the calculations described in Sec. II which
treated the potential as a perturbation of the lowest Lan-
dau level and led to (2.22) are also valid for large a and
g, to the same order in g . These calculations gave ener-
gies

—i8 i8S e 'g(m+1)+S e 'g(m —1)

+2S„cos(2iram —8„)g(m ) =Eg(m), (5.3)
E '"=—co +2V + e

~o

2 ' ' 2 a (5.9)

with g(m+q)=g(m). In going from the determinant
equation (4.29) for the eigenvalues to this difference equa-
tion, we have used the fact that

%(S„,S~,a) = —%(S„S~,a)

when 0 and |9, are suitably redefined. If we let—i8 mh(m}=e ' g(m), then the eigenvalue equation be-
comes

with the new boundary conditions
—iq8h(m+q)=e 'h(m) . (5.5)

Equation (5.4) is the usual form of Harper's equation.
For a symmetric potential, S =S, and the energy shift is—S~ /A'

proportional to S„=AKe, so we will write

&(S„,S,a) =fiEe &(a) .

In what follows, we will restrict ourselves to the sym-
metric potential of Eq. (3.18).

In the limit g ~ ~ we expect the answer obtained us-
ing the action in Eq. (3.33) to be correct to zeroth order
in 1/g . In addition, the Euclidean action is proportional

S~h(m + I)+S~h (m —1)+2S„cos(2iram —9„)h(m)

=Eh(m), (5.4)

These two expressions for the energy levels do not im-
mediately appear to be consistent. One predicts energy
splittings that depend on a and therefore appear to be
nonperturbative in fi since aa- I/ih'. The other depends
on 1/a and so appears to be a perturbative result. Be-
cause the solutions to %(a) are found by diagonalizing a
q by q matrix when a=p/q, in the first case we expect q
bands and in the second case we expect p bands. We can
reconcile these two results by noting, as others have
done, ' ' '" that in the region where a ) 1, we also have

p & q, so the instanton sum could be calculating the q
lowest bands in the perturbation calculation. This is fur-
ther supported by the facts that the leading term to the
energy for both spectra is (fi/2)co, and that the width of
the splitting in the instanton calculation, AKe ", is
exponentially smaller than the width of the splitting in
the perturbation calculation, (Vo/2)e "~, so the first
spectrum could be contained inside the second. Inspec-
tion of Fig. 1 now viewed as the perturbative spectrum as
a function of 1/a also shows that the q lowest bands of
the spectrum as 1/a varies between say 1/N and
1/(%+1) contains a rescaled version of the whole spec-
trum which is consistent with the fact that a varies from
X to X+ 1 in this range. In an Appendix we demonstrate
that this picture is justified and that our answer agrees
with a previous analysis of the spectrum by Wilkinson.
The fact that (5.7) and (5.9) must agree for the q lowest
bands also gives an analytical formula for how the spec-
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trum is mapped into itself. We will return to this ques-
tion momentarily.

We can also use path-integral techniques to see that
there are dual pictures of the system when g )&1 and
a)) 1. It can either be viewed as in Sec. IV as a particle
tunneling between potential wells spaced a apart with
tunneling time =~, or as a particle in Landau orbits with
period 2~/co, whose centers jump from site to site in a
lattice with spacing a /a.

To obtain the second picture we treat the potential

V, cos(2'/a )+ V cos(2m. /a )

as a perturbation to the lowest Landau level using path
integral methods. In performing this calculation we find
a sum similar to the dilute gas sum in Eq. (4.1), but with
a replaced by 1/o,'. To obtain such a sum, we first ex-
pand out the exponential of the potential in the propaga-
tor:

1 T/2 2' 2' "
1 T/2 Vx

exp — V cos + V cos t= cos
'6 —T/2 a a „p n t —T/2

2nx(t ) V
+ cos

a

2my(t )
dt.

a
(5.10)

Because the cosine is a sum of exponentials, we can express it as a contribution to the action:

T/2
cos—T/2 fi

2mx(t ) I r~q V„
dt = g f "exp —f i x(t)( —1)'5(t tj)dt—dtj .

a p T/2 2' A a
(5.11)

Thus, the potential acts like a linear source term in which the particle interacts with a 5-function current. The general
form for the action is

5= f [L,(t)+J(t) x(t)]dt,

where

(5.12)

and

Lo(t)= —(x +y )+ yx
2 C

(5.13)

J(t)=i+ (
—1)' x, (t)5(t t, ) . —S 27Tfl ~

j=1 J

The propagator is then

G=e " ' g fDx Dye
J

where

(5.14)

(5.15)

n&+n& n&
'

n&

/(n&+nz)! (5.16)

=0 unless t =tj and x- =x,
. eB .

my i x=J (t)—
c y

=0 unless t =t and x =y .

(5.17)

(5.18)

From these it follows that, except when t =t, we have
two constants of motion,

with n =n, +n2. The sum over currents J is like a sum
over two-dimensional random walks with steps of size
one taken at arbitrary times and weighted by a factor of
V„/2' for a step in the x direction and V /2A' for one in
the y direction.

The equations of motion for the Lagrangian in Eq.
(5.12) are

mx+i y =J„(t).eB .
c

y
l l

x =yp and x+ y =xp .
C

(5.19)

When t =t, either xp or yp changes by an amount found
by integrating the equations of motion over a small inter-
val around t . If x - =y, this change is

s-+1 27TAc s. +1 a
hxo~, =, =( —1)' =( —1) '

J eBa CX

(5.20)

and if x =x, it is

&yol, =, =( —1) ' =( —1) '—s 2m6c s a
eBa

(5.21)

In Minkowski space, the equations of motion imply
that the particle is in a Landau orbit with frequency co,
centered around (xo,yo)=((a/a)n, (a/a)m ). When the
potential acts via the delta function in J, the center of the
orbit hops to an adjacent site in the lattice
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(a/a)nx+(a/a)my. This is the picture used by Pip-
pard. In Euclidean space this corresponds to the parti-
cle sitting on the lattice site

teger part of a. If a0%[a0], we can define

1

a —[a ]
(5.26)

(x0,y0) =((a /a)n, (a /a)m )

except for periods of time on the order of 1/~, when the
particle tunnels to an adjacent site. Therefore, we can
treat this as an instanton problem again, but now the par-
ticle tunnels to sites spaced a /a apart instead of a apart.
The action for such an instanton in a square lattice is

and

2 Vo aors/2~V]= e
ga0

4m.. i= Vo „ao

(5.27)

(5.28)

r

SE . 2m a m=i xzAy + (5.22)

Vo -~/2aEp'"= —to +2V + e
2

co 0 (5.23)

Each time the potential "acts," the e "picks up anoth-
/A

er factor ofe, so the expression for the energy levels
arising from the propagator in Eq. (5.15) looks identical
to the dilute-gas sum, Eq. (4.1), except that a is replaced
by 1/a and x and y are interchanged. This sum produces
the same spectrum as the one obtained by perturbing the
lowest Landau level in the Schrodinger equation. [How-
ever, the full expression for the propagator, which takes
into account the gaussian integrals around SE and the
form of the wave functions, is much more complicated
than Eq. (4.1).]

In this way we see that there are dual path-integral pic-
tures of this system. In the first picture the centers of the
orbits lie in a lattice whose unit cell encloses 1/a units of
flux and in the second picture the minima of the wells
form a lattice whose unit cell encloses a units of flux. We
have argued that the path-integral calculation of the
second picture produces a spectrum which is a subset of
the spectrum from the first. This calculation is the first
step in deriving part of the self-similar structure of the
spectrum and Wilkinson's renormalization group for
Harper's equation.

We start with the spectrum in Eq. (5.9)
r

/2 oX/2m
gi =t0„r,=4ir a, (a0) '~2e ' (5.30)

this interpretation should be valid. As long as a& is large
enough, we can repeat the instanton calculation with this
new Lagrangian to obtain the lowest-lying levels of the
spectrum E'""—(R/2)c0, 0. The general transformations
of the parameters are then

1

a„—[a„] '

and, to the leading order in 1/a„,

(5.31)

-a„y/2~V„+)= e
Qa„
4m V„

~cn+ i
+n

(5.32)

(5.33)

Then, comparing Eqs. (5.25), (5.23), and (5.24), we see
that E'"" (A/2—)co,0 is also the energy spectrum for the
Lagrangian

7TQ )L/f= (x +y )+ia,xy
~c]
—

( V, /iri )cos2mx —( V, /R )cos2iry + ( 2 V, /fi)

(5.29)
if one looks at tunneling between the lowest Landau or-
bits whose centers now lie on a lattice with unit cells con-
taining 1/a, units of fiux. Because a, ) 1 and

LE/A=
7TCXO

(x i+y i)+i a~y —( V0/A)cos2irx
~cO

—
( V0/fi)cos2n. y+2 V0/t'ai

which we obtained from the Euclidean Lagrangian

(5.24)
and

+n + J a„y/2n'
n+)= —e "

&n »&n
2&a„

(5.34)

From these transformations, we can find the values of ~
2. n

and g„:

by looking at tunneling between the lowest Landau or-
bits. However, we can also calculate the instanton tun-
neling for this Lagrangian to obtain the lowest bands in
Ep'", Ep'", which is given by the spectrum in Eq. (5.7):

VoEpert —Einst ~ + V
2~ + 0 oi'~ ~(a0 0 ~ 0

(5.25)

In the Appendix, we have drawn on Wilkinson's results
to show that for large a AK or V0/Qa0. Now we use the
fact that &(a)=&(a—[a]), where [a] is the greatest in-

a„—
&
y/2~g„=4ira (a„,)

' e " ' for n~l . (5.35)

Therefore, Wilkinson's renormalization group for the
Hofstadter spectrum also defines a renormalization group
for the Lagrangian in Eq. (5.24) or (3.16). At each step,

a„y/2m
the unit of time, ~, is rescaled by e " a„/2 & 1 and the
energy is given on a finer scale. Note that (at least after
the first iteration) there is a fixed point whenever
a„+,=a„ for a11 n and that when a is irrational the RG
flow is determined by the expansion of a as a continued
fraction. For any energy E that is an eigenvalue of
Harper's equation, —E is also an eigenvalue, so, with
minor alterations, these renormalization transformations
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also apply to the highest band in the spectrum. Thus we
obtain a considerable amount of information about the
self-similarity of the spectrum from these transforma-
tions. It should be emphasized that this particular form
for the RG flow is only valid in the limit of large a. For
intermediate values of a for which the dilute-instanton-
gas approximation is still valid a similar procedure can be
used, but the expression for fiK in terms of Vo/Qao will

receive corrections. In addition, we must include the
hE, term in the expression for E'"". As an example of
the RG flow which also illustrates the size of these
corrections we have plotted E—Ace, /2 for the q lowest
bands for 1/a=q/p between —,

' and —,
' in Fig. 5. The left-

hand plot in Fig. 5 shows the instanton prediction for
these bands and was obtained from Eq. (5.7) with

fiE= Vo/&a by subtracting Ace, /2 and adding in the
perturbative correction hE, . The right-hand plot in Fig.
5 sho~s the perturbative prediction for these bands as
given by E['" in Eq. (2.22). The difference in darkness of
the two plots is due only to the difference in the number
of points included.

VI. DISCUSSION

We have shown that instanton techniques can be ap-
plied to study the spectrum of an electron in a periodic
potential and a transverse magnetic field. By comparing
the instanton approach with perturbation theory in the
potential V we have shown how the recursive structure of

the spectrum can be understood in terms of dual path in-
tegral pictures.

Although we have considered only symmetric poten-
tials, the asymmetric case is also of great interest in the
study of the localization transition in incommensurate
systems. The RG flow in this case is discussed in detail in
Ref. 4 and could also be discussed by the methods
developed here.

For simplicity we have restricted ourselves to a simple
sinusoidal potential. Clearly the instanton techniques can
be applied to a general periodic potential, and at least for
potentials with rectangular symmetry, will lead to (5.1)
for the shift in the energy levels. On the other hand, for
more general potentials, perturbation of the lowest Lan-
dau level will not lead to Harper's equation but to some
variant of it. However, the arguments presented here
show that the substructure of the energy levels will again
be described by Eq. (5.3) so in this sense the sinusoidal
potential is universal in that all potentials of this general
symmetry will flow to it under the action of the RG flow.

We have also emphasized the instanton calculations for
large g because of their connection to the self-similarity
of the spectrum through the comparison with perturba-
tion theory. It is clear, however, that the semiclassical
approach is valid over a much larger range of parame-
ters. In particular, it is valid at large a for all g and at
small a as long as g is sufficiently small. When both g
and g/a are small, it reproduces the usual tight-binding
calculation and gives a definite expression for the transfer
integral in this limit.
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FIG. 5. Structure of the q lowest bands for 1/a=q/p between —,
' and 4 as predicted by the perturbative and instanton calcula-

tions.



11 344 DENISE FREED AND JEFFREY A. HARVEY 41

Although we have considered only an idealized system,
we hope that some of the techniques we have discussed
will be applicable to the study of more realistic two-
dimensional systems with T violating interactions. Also,
direct experimental study of the spectrum discussed here
no longer seems outside the realm of possibility.
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Wo( 2+—p 2+—x )P(x)=E„Q(x) .

This has eigenvalues

E„=—4Wo+h2WO(n + —,
' ),

so the energy of the lowest state is

(AS)

(A9)

APPENDIX A: COMPARISON WITH
WILKINSONS' APPROACH

Eo= Wo( —4+h )= Wo —4+ (A 10)

Drawing on the results of Wilkinson we can show that
the instanton calculation of the q lowest bands of the
spectrum agrees with the q bands making up the lowest
"subband" of the perturbative spectrum. Wilkinson
writes Harper's equation as

For a state centered around x =0, p =0 with this energy,
the classical turning points occur when x =++A . In the
tunneling region, between x~ ='}/ h and x2 =2m —+h,p
must be imaginary, p = ipi, so the equation for pl(x) is

H(x)f(x) = Wo(2 cosp+ 2 cosx)f(x) =Ef(x),
where

(Al)
h

coshp (x}=2———cosxI

and the tunneling integral is given by

(Al 1)

~ 277p= ihd i—dx with h =
a (A2) 2n —&h

t =exp —— cosh ' 2 ———cosx dx
h 2

To see the connection of this form to our analysis note
that in the limit g ~co the Lagrangian (3.19} yields
essentially the above Hamiltonian since in this limit y be-
comes canonically conjugate to x.

Wilkinson derives an approximate renormalization
group by using transfer matrices to describe tunneling be-
tween the degenerate, semiclassical states which are cen-
tered around the minima of H(x). When a)) 1, for the
equation

Eg(m)= Wo g(m +1)+g(m —1)

1+2 cos 2am —a. g(m }-
a (A3)

he finds that the energy of the vth subband is given by the
eigenvalue equation

E,g(m)=E„g(m)+ W, [g(m +1)+g(m —1)

+2cos(2mma —x)g(m)], (A4)

=ch ' e r "[I+O(h )], (A12)

where y is defined in Eq. (5.8}, and where c is a number
independent of all the parameters. In what follows, and
in Sec. V, we ignore the factors of c/&2m. Remembering
that h =2m ia, we obtain the rescaling of the energy,

8' = —W —e
2

1 0 g (A13)

VoE=—co +2V + e ~ —4+

Taking into account that E '", the energy spectrum in
Eq. (2.22) found by the perturbation calculation, is the
sum of (fi/2)co, +2VO and the solutions to Harper's equa-
tion scaled by Wo=( Vo/2)e, we find that the ener-

gy of the lowest subband is given by

where E„ is the energy of the nth state in one of the po-
tential wells of H(x). For the lowest state, W, is given
by

Vo
ay/2m~( (A14)

2W= ——t W1 x 0 (A5) or

where t is the magnitude of the tunneling coefficient for
going from one well to the adjacent well:

E=—co, + V + —e ~r~2 &(a),2~ Vo

2 ' a v'a (A15)

x2
r„=exp —— ~p(x) ~dx

xl
(A6)

where we have kept only terms to first order in 1/a and
we are making use of the fact that the spectrum of
Harper's equation is symmetric about E =0. Comparing
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this with the instanton calculation which gave (5.7) we

see that in the limit of large a we have fiE = Vo/&a and

this expression for the spectrum is then identica1 to the
instanton calculation. It should be emphasized that this
expression for K is only valid in the limit of large a. For

intermediate values of a there are corrections to both AE
and E„=E,which must be included to obtain agreement
between the instanton calcu1ation and the perturbative
calculation.
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