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A low-energy analysisof macroscopicsuperstringsis presentedand various analogies
betweenthesesuperstringsand solitonsin supersymmetrictheoriesare discussed.Theseinclude
the existenceof exact multi-string solutionsof the low-energy supergravitysuper-Yang—Mills
equationsof motion and a Bogomol’nyi bound for theenergyper unit length which is saturated
by thesesolutions.Argumentsare presentedthat thesefeatureswill persistto all ordersin a.
Theconnectionbetweenchiral fermion zero modeson thestring andpartially broken supersym-
metry is also discussed.

1. Introduction

Most studiesof classicalsolutions to superstringtheory havefocusedon solu-
tionswhich correspondto compactificationof somenumberof spatialdimensions
with the remainingdimensionsbeing describedby a flat Minkowski space-time.
The correspondencebetweenthesesolutions and superconformalfield theory is
now well understood.Recently therehas beeninterest in expandingthe studyof
classicalsolutionsto includethosewith nontrivialdependenceon the noncompact

Minkowski coordinatesaswell [1—3].
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Unlike point theoriesor theorieswith openstrings,purely closed-stringtheories
such as theheteroticstringsor type-I! stringscontainstableextendedstateswhich
we will refer to as macroscopicstrings [4]. Theseshouldcorrespondto classical
solutionsof stringtheory. Sincetheycorrespondto fundamentalstrings,onemight
argue that they are the mostbasicclassicalsolutions to string theory. Although it
would be of interest to constructthesesolutionsdirectly as superconformalfield
theories,there is also much that may be learned by studying them at distances

large comparedto the stringscaleusingthe low-energyfield-theorylimit of string
theory. That is what we will do in this paper.

In later sections we will study these macroscopicstring states as singular
solutionsof the low-energysupergravitysuper-Yang—Millslagrangian.The proper
point of view regardingthe singular natureof thesesolutions is not completely
clear to us. On theonehandextendedstringsexist as fundamentalquantumstates
which arevisible in string perturbationtheory. Thereforeone shouldnot expectto
treat them as smoothsolutions to the classicalfield equationsany more than the
electron is treatedas a classicalsolution to the Maxwell equations.On the other
handwe will find many similaritiesbetweenmacroscopicstringsandsolitons.Also,
we will work in the limit where the massive modes of the string have been
integratedout. Including the massivemodeswould certainly alter the short-dis-
tancestructureof the solutionsandmight be expectedto smoothout the singular-
ity. A resolutionof this issuewill probablyrequire a studyof thesesolutionsto all

ordersin a’.
From the low-energypoint of view macroscopicstringshavemuch in common

with certain solitons which arise in supersymmetricfield theories.For example,
magneticmonopolesin the Bogomol’nyi—Prasad—Sommerfeldlimit canbe embed-
dedinto N = 2 supersymmetricgaugetheory. Another exampleis providedby the
Papapetrou—Majumdarblack holes in N= 2 supergravity[5]. Many of the mar-
velouspropertiesof thesesolutionssuch as the existenceof exactmulti-monopole
solutions and the saturation of the Bogomol’nyi bound for the mass are then
related to the underlying supersymmetry.We will find similar phenomenafor
macroscopicsuperstrings.An essentialdifference is that unlike ordinary solitons,
which do not appearin perturbationtheory,the ratio of the massof our solutions
to the massof excitedstring statesis independentof the stringcoupling constant.
In addition, the “charge” associatedwith our stringsolutionsis not topologicalbut
is more akin to electricchargein electromagnetism.

We will now give a brief outline of the restof the paper.Oneof the themeswe
wish to develop is the correspondencebetweenthe field-theoreticdescriptionof
macroscopicstring statesand string statesas usually studied in first-quantized
string theory. One result which led usto considersuch a correspondencewasthe
vanishingof the mass shift for certain types of string states.In sect. 2 we will
describethe first-quantizedstringstateswe will consideranddescribethecalcula-
tion of their massshift.
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In sect. 3 we begin our discussionof macroscopicstring solutions. We will
presentthe field equationswe wish to solve and discussthe derivation of the
sourcetermsin theseequations.The ansatzwe will useto solve theseequationsis
related to a no-forcecondition which is analogousto that found by Manton for
BPS monopoles[6], and is also related to the existenceof unbrokensupersymme-
tries. The supersymmetricstructureof thesesolutionsandthe connectionbetween
supersymmetriesand fermion zeromodeson the stringwill be the subjectof sect.
4. In sect. 5 we will show how the supersymmetiyalgebra can be used to
demonstratea Bogomol’nyi bound for this classof solutions and verify that our
solutionssaturatethis bound.Sect.6 is devotedto abrief discussionof our results.

2. Nonrenormalization of the superstring tension

We wish to studymacroscopicstringsin D-dimensionalMinkowski space-time.
The massper unit length of such a statehas a classicalinterpretationof string

tension;thus from the massshift we can extract the renormalizationof the string
tension.We assumethat the additional 10 — D dimensionsrequired for a consis-
tent superstringtheoryare replacedby a superconformaltheorywhich resultsin at
least N = 1 space-timesupersymmetryin D dimensions.Although the ideasin this
paper could be generalizedto study the excitation of fields associatedwith this
compactification,herewe will restrict ourselvespurely to fields associatedwith the
remainingMinkowski dimensions.

In order to study macroscopicstrings in a well-defined way we will further
compactifyoneof the remainingD — 1 spatial dimensionson a circle of radius R.
We will often considerR to be much larger than the stringscaleandregardstrings
with nonzerowinding numberon this circle to bemacroscopicstrings.Let ~ and
k1~~denotethe right and left-moving momentaof the string on the circle respec-
tively. In termsof the winding numberL andthe quantizedmomentumM/R with
M integerwe havek1~~= (M/2R + LR) and ~ = (M/2R — LR).

In string theory there will be an infinite tower of statesof varying winding
number L. Many of these will be unstable and will decay to lighter states
consistentwith conservationof L. We will be interestedonly in stablemacroscopic
states.It turns out that this still leavesan infinite tower of stateswhich we now
describe.For concreteness,considerthe heteroticstring. Then the right-moving
ground stateconsistsof a space-timevectorand a space-timespinor coming from
the Neveu—Schwarzand Ramondsectorsrespectively.The stateswe will consider
areconstructedas tensorproductsof the right-movinggroundstateswith various
left-moving states.If we let kM denotethe remainingMinkowski momentumand
N the left-moving numberoperator,then thesestatesobeya mass-shellcondition

~ +k1~~)= ~ +k~)+N— 1 = 0. (2.1)
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It follows from eq. (2.1) that for unit winding number(L = 1) we havetwo
solutions: (M = —1, L = 1, N= 0) and (M = 0, L = 1, N= 1) of energy (~R2+
1/R2— 1) and ~R2 respectively.Thus, for a large enough radius,the former has
the lowest energy. We can constructan infinite tower of stablebosonic statesby
addingvariousleft-movingexcitationsto theright-movinggroundstate.For a given
value of N thesestateshavemomentaand winding satisfying N= 1 — ML and
energyE = ~ = (M/R + ~LR)2. The right-movingpartof thevertexoperatorfor
all thesestatesis given by

W= . (3X~+ik .

k=(kM,klflt), ~k=0. (2.2)

Note that this is the sameas the right-movingpart of the vertexoperatorfor a
masslessgaugebosonin (D — 1) + 1 dimensions.

The massshifts anddecayratesof massivestatesarerelated to thereal andthe
imaginarypart of the two-pointamplitude. For a stablewinding statewith vertex

operatorV themassshift is directly givenby the two-point function.The two-point
function A at order g is given by integrating the correlation function of vertex
operators~1/1/) over the genus-gmoduli spacewith the appropriatemeasureand
summingover spin structures.The right-movingpart of thevertexfor the lightest
winding state in the 0-picture,evaluatedin its rest frame, is given by eq. (2.2).

Without the correlator (VV), the one-loopamplitude A is just the cosmological
constantat one-looplevel andvanishesby supersymmetryaftersummingoverspin
structures.Thus, the nonzero part of the answercan comeonly from the spin

structure dependentpart of the correlation function. We therefore need to
concentrateon the correlationfunction

(ik
1 . ~i elkxe1~~(v1,v1)ik2 t/Je2e2(p2, ~2)). (2.3)

After summingoverspin structuresthe one-loopamplitude is proportionalto the
kinematicfactor

(~~k~~k1 ~ ~k1 k2), (2.4)

which results from performing the fermion contractions. Since k1 = —k2 by
momentumconservation,~ k2 = ‘2 k1 = k1 . k2 = 0, and hencethis factor van-
ishes.As a result the massshift vanishesat one-looplevel.

At one-looplevel, as discussedin refs. [7,8], thereare some theoriesin which
this naïve argument fails as a result of infrared subtleties. In theories with
anomalousU(1) factors which leadto supersymmetrybreakingD termstherecan
be singularitiesarising from the integrationoverthe relativeposition of the vertex
operatorswhich are essentialto obtaining nonvanishingscalarmasses.We have
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checkedby explicit evaluationof the one-loopamplitude that suchsingularitiesdo
not arise here. The details of this calculation are given in appendixA. At
higher-looplevel therearemany subtletiesin superstringperturbationtheory, and
it is not clear that even the cosmologicalconstantvanishesorder by order in
perturbationtheory without adjustmentof the string tension [9]. However we
would expect that any formulation of superstringperturbationtheory in which
mass shifts for masslessgaugebosonsvanish (as would be expectedby gauge

invariance) should also lead to vanishing mass shifts for the tower of states
discussedhere since the right-moving part of the vertex operatorfor massless
gaugebosonsis the sameas for thesestates.Note also that the vanishingof the
imaginarypart of the two-point function for this tower of statesimplies that they
are all stable, since otherwise the two-point function would have to be an
imaginarypart by unitarity. The stability of thesestatesat treelevel canbe easily
checked.

The vanishingof the mass shift for the winding statessuggeststhat the super-
string tensiondoes not get renormalizedin perturbationtheory. To make this
statementmore precisewe would haveto give a definition of the string tensionin
terms of dimensionlessratios of coupling constantsand show that this ratio of
coupling constantsis not renormalizedin perturbationtheory. Alternatively, one
might define the string tensionin terms of the slope of the Reggetrajectory for
very massivestates,i.e. in the classicallimit. The massshifts for the massivestates
in the leading Regge trajectory have been calculated[10] in more than four
dimensions.Forvery massivestatesthe renormalizationof theslopedoesvanishin
agreementwith our result.

The nonrenormalizationof the massof thesestatesis reminiscentof nonrenor-
malization theoremsfor solitonsin supersymmetrictheories.Thesenonrenormal-

ization theoremsare usually understoodto be a consequenceof the existenceof
central extensionsof the supersymmetryalgebra.Since our solutionsoccur in a
supersymmetrictheory, onemight suspecta similar situationhere.We will discuss
this issue further in sect. 5. We first turn to a discussionof thesemacroscopic
string statesfrom the point of view of low-energyfield theory.

3. Exact multi-string solutions

In this section we describethe exact stringlike solutions to the low-energy
effective action for the masslessmodesof the string.

To find thesesolutions, we start from a sigma-modelaction S0. that describes
the coupling of a stringto the metric g,~,antisymmetrictensoror KaIb—Ramond

field B,~0and dilaton 4. One usually thinks of this action as describinga string
moving in a backgroundprovidedby the masslessmodesof the string. Demanding
conformalinvarianceof the sigmamodel then leadsto the equationsof motion for
thesebackgroundfields. Our point of view will be somewhatdifferent.We wish to
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obtain the equationssatisfiedby the masslessfields in the presenceof a string
source.We will thus useS0. to evaluatethe source terms for the backgroundfields
in the presenceof a macroscopicstring source.This could also be done by simple

vertexoperatorcalculationsasin ref. [4].
Following the treatmentin ref. [11] it is convenientto perform a conformal

rescaling g,~ —* g~e
4~~”~2~in D space-timedimensions.We can then incorpo-

rate the equationsof motion which follow from conformal invarianceand the

classicalcouplings of the bosonic masslessfields to the string in the combined
action

S= ~fdDx~~B+S
0., (3.1)

with the bosoniclagrangiangivenby

= R — I(~94~)2— ~e
2~H2, (3.2)

and the sigma-modelaction by

S,~= — ~fd2ff (V~ymn ~X1L 3~X0g~e~+ Em~d,J~X~3~X0B~). (3.3)

Herewe haverescaledthe dilaton suchthat it hasthe standardkinetic term, and
a ~/2/( D — 2) . The equationsof motion that follow from the aboveactionare

R~— = K2T~, (3.4a)

6~’~~(x—X)
= 2/2K2fd2ffE?~3mX~3flX~ , (3.4b)

V,~(g’~V,4)= —~ae2’~H2

~(D)(x —X)
~ ~ . (3.4c)

Here ~ includes the usual energy—momentumtensor for the antisymmetric
tensoranddilatonfields aswell asthe energy—momentumtensorcorrespondingto
the stringsource:

2K2T~= — ~g~(8~)2 + ~(H~P
0.HOP~ — ~g~H

2)e2~

~(D)(x —X~
_2~K2fd2u\ymnamX~anX~e~ ~ . (3.5)

vg
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This is a complicated, nonlinear system of equations, and it would seem
miraculousto be able to find an exact solution. There is howevera remarkably
simpleansatzthat reducestheseequationsto one linear differential equationfor a
single scalarfunction E(r):

ds2=eA[_dt2+(dxl)21 +eBdxdx,

D—4 2
A= D2E(r), B= _D2E(r), 4=aE(r), B01= —e’~~.

(3.6)

Here the string runs along the x’ axis and r
2 =x ~ = m

1x’x’, i,j = 2,...,D — 1.
Note that with this ansatzthe transversesigma-modelmetric G.1 g1~e~is flat.

This ansatzcanbe motivated in different ways. As we will seein sect. 4, these
relationsbetweenthe different fields ensurethat half of the supersymmetrieswill
be preserved.Related relationswere consideredin the work of Strominger [12].
Another more physical point of view is related to the vanishingof the force
betweenparallelstrings.This is an importantfeatureof our solution that is true in
all dimensionsand is necessaryin order that thereexist exact,stablemulti-string
solutions. An analogoussituation arises in the caseof BPS monopoles[6]. The
classical force between two widely separatedmonopole configurationshas two
contributions. There is an attractive Coulomb force betweenthe two monopoles
due to scalar exchange.There is also a repulsive (attractive) Coulomb force
betweenthem due to vector exchangeif the monopoleshave equal (opposite)
magneticcharge.In the BPS limit thesetwo contributionshavethe samemagni-
tude. Thereforethereis no net classicalforce betweentwo monopolesthat have
equalchargeandwe canview the Bogomol’nyi equationas a “no-force condition”
that the net force on a testmonopolein the backgroundof thefield producedby a
sourcemonopolevanishes.

Thereis a perfectanalogof Manton’sconditionfor our solutions.The equations
of motion that follow from eq.(3.1) are

Vm(ymnVnX~)= —F~pamX”anX~y’~ + ~H~~pamx0anxPe
tm11. (3.7)

Here are the Christoffel symbolscalculatedusing the rescaledsigma-model
metric G~

0= g,~0e’~this term thereforeincorporatesthe contributionto theforce
from both the graviton and the dilaton.

Now, considera stationarytest string at some distancefrom a source string
located at the origin. Both strings run along the x

1 direction and havethe same
orientation.The field producedby thesourcestring at the teststring is given by eq.
(3.6). Usingconformal gaugefor the test string we have X°= T, X’ = ci, -y,~,,=
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diag(— 1, + 1), and e01 = + 1. In order that the net transverseforce on the test
string vanishwe require

d2
—iX’ = 2F~+ H’

01 = 0. (3.8)
dr

This gives H,01 = 3~GØ()= _33(eAe~),which is indeed true for our ansatz
becauseA + a4 = E and B01 = — e~.On the other hand,if the test string has
orientationoppositeto that of the sourcestring, then X’ = —ci andthe term H~1
in eq.(3.8) appearswith a negativesign. Therefore,thereis a net attractiveforce
and the two strings would annihilate eachother. The no-force condition is not
sufficient to determinethe functional form of E(r) at the level that we are
working. To do this we must investigatethe full equationsof motion.

To solve the equationsof motion we first use eq. (3.6) to write the energy-
momentumtensorin the following form:

Tai3(~,H) = —(1/4K
2)(a2+ 1)ef’3jE0,Eg~p,

1~
1(4,H)= (1/2K

2)(a2— 1)[a~Ea~E—

Ta
4(source)= — (t.t/V~)fd

2o- ~/~ymn 3mXad,,X
0e’~~(D)(x — X). (3.9)

Herethe indices a,/3 are in the (x°,x’) plane, i, j are in the directionstransverse
to the string, and s~is the flat-spacemetric in the transversedimensions.Now
defineS,~= ~ — [1/(D — 2)]g~0T,where T is the trace of the energy—momen-
tumtensor.Thenwith our ansatzthe Einsteinequationsareautomaticallysatisfied
as an identify for any choiceof the function E(r),

R~1 S~= — 2(D—2) a~EaJE+ D —2 m~(dE)
2+ D —2 2~K2e~

1~8(D_2)(x)

(3.10)

Ra6 S~= e_Ag~[_ 2(D—2) (aE)
2— (D 2) ~K2e0~2~2)(x)].

(3.11)

The equationsof motion for the dilaton (3.4b) and the antisymmetrictensorfield
(3.4c) both reduceto the samelinear equation:

~qIJ3

13~,e_E = —2/LK
2~’32~(x), (3.12)
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with solution
M

1+—~---~, D>4, (3.13a)
eE= r

1—8G~ln(r), D=4, (3.13b)

where M= 2K2~.t/(D— 4)wD3 and wD3 is the volume of the sphere S’~3.
Since the solution satisfies the no-force condition, it is straight forward to write

down an exact, stable multi-string solution that representsstrings located at
variouspositions{r

1}. From eqs. (3.13a,b) we see that such a solution is given by a
linear superposition

M
1+ E D-4 D>4, (3.14a)

I’~~i~
1— ~8G~tln(Ir—r,~), D=4. (3.14b)

Let us now discussin some detail the solution in D = 4, partly because it has

some qualitatively different featuresand also becauseit is easierto visualize and
will give us a better understandingof theseexact solutions. Let us first recall a
simpler exact solution in four dimensions, viz, the gravitational field around a
cosmic gaugestring. It is well known that spacearounda gaugestring is conical

with deficit angle~ The energy—momentumtensorfor such a cosmic string
source has the special form T~=diag(p,—p,0,0).The crucial point is that the
energy—momentumtensoris zeroin the transverseplaneandis proportionalto the
Minkowski metric in the (x°,x’) plane. As a result we can takethe four-dimen-
sional space-timeto be of the form M

4 = M2 x ~2 where M2 is a flat Minkowski
(x°,x’) plane and ~ is a curved transversetwo-dimensionalsurface. Thus a
four-dimensional problem is effectively reduced to a two-dimensionalproblem.But
in two dimensions, the Einsteinequationis an identity sincethe Einstein—Hilbert

action is purely topological, i.e. invariant undermetricvariations;thus R,
1 ~g,1R.

The equations in the (x°,x’) planereduceto — ~~R’q~4= ~8~rGps~~4,giving us

R = 16~Gp. (3.15)

Onecanregardthis equationas a linear second-orderdifferential equationfor the
conformal factor of the two-dimensional metric, which canbe easily solved.In fact,
for a cosmic gauge string source the energy density is nonzero only at the coreof
the string, hence by eq. (3.15) the Ricci scalar is nonzero only at the origin. In two
dimensionsthe Riemanntensoris proportionalto the Ricci scalar;we thushavea
spacethat is flat everywhereexceptfor a curvaturesingularity at the origin, i.e. a
conical space.
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Now, let us look at the field arounda cosmic superstring.In four dimensions,
the antisymmetrictensorfield is equivalentto an axion field by a duality transfor-
mation.A cosmicsuperstringis thereforeanalogousto a global axion string. For a
global string, unlike for a gauge string, there is nonzero energy density and
pressureoutsidethestring corebecausethereis a non-zeroaxion field outsidethe
core.As a result we cannottakethe spaceto be of the form M4 = M2 >< ~ andwe
haveto solve the full four-dimensionalEinsteinequations.The gravitational field

around a global axion string has beencalculatedin the linearized approximation
[13] and the exact solution was found in ref. [14]. A cosmic superstringis a bit
different in that it couples not only to the axion and graviton but also to the
dilaton. This apparentcomplicationactually simplifies the solution dramatically.
The dilaton field arounda stringdependsonly on r, the radial distancefrom the

core of the string. As a result, the energy—momentum tensor due to the dilaton has
pressurein the r direction andtensionin the 0 direction.The axion field, on the

other hand,regardedasan angularvariable,is proportionalto the angle 0 around
the string. Its energy—momentumtensor,therefore,haspressurein the 0 direction
andtension in the r direction. In string theory the coefficientsare such that the
tension(= negativepressure)dueto the dilaton preciselycancelsthe pressuredue

to the axion and vice versa. Since both contribute the sameenergydensity and
negative pressurein the x1 direction, the net energy-momentumtensor even
outside the core of a cosmic superstringhas the samesimple form as before
T~= diag(p,— p, 0, 0) (see eq. (3.9) for D = 4). We can now repeat the analysis
describedin the last paragraphfor our cosmic superstring.We will againget a
productspaceM4 = M2 X ~2 with the Ricci scalarfor ~2 given by eq. (3.15). The
only differenceis that now we havea nonzeroenergydensityoutsidethe string; as
a result ~ is not a simpleconical space.It is straightforward,however, to solve
the equationfor the conformal factor of the metric for ~2 andwe get the solution
describedbefore.

What happensin higherdimensions?When we havemore than two transverse
dimensions, there is no geometric reason why the Einstein equations should
reduce to anything simple. But with our ansatz,the Einsteinequationsdo once
again reduceto an identity andwe are left with only a linear equation(3.12) that
follows from the equationof motion of the axion and the dilaton.

Anotherinterestingpropertyof this solution is the cancellationof self-energies
in four dimensions. In sect. 2 we saw that the quantum correction to the
self-energyis zero.On the otherhand,classicallywe know that a global stringlike
a cosmic superstringoughtto havelogarithmicallydivergentself-energybecauseof
the axion field around it. This infrared divergence should show up at the quantum
level to give a divergentanswer.But since the quantumansweris zero, theclassical
answermustalso be zero.This is indeedtrue. There are threeseparatedivergent
contributionsto the classicalself-energy.The dilaton contribution is the sameas
the axion but the graviton contribution is negative and twice as large. The net
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classicalself-energythusaddsup to zero in agreementwith the quantumanswer
[15].

Wenow discussthispoint in moredetail. In general relativity, there is no unique
way to define the local energy density of the gravitational field even in the
weak-field limit. In what follows, we will adoptthe following, standarddefinition
of thegravitationalenergy—momentumpseudo-tensor.Let uswrite g,~= ~, + h,~.
In D > 4, hp,, is asymptoticallyzero but not necessarilysmall everywhere.This
allows a satisfactory definition of “total” ADM mass per unit length for our
asymptotically flat solution. In four dimensions ~ is asymptotically logarithmi-
cally divergent.However,we still adoptthis definition becausethis is what we will
seein aperturbativestringcalculationwhich is performedarounda flat Minkowski
backgroundspace.With this separationone can regardthe part of the Einstein
tensor that is linear in as the kinetic term and the remaining as the
gravitationalenergy—momentumpseudo-tensor.Onecanthenrewrite the Einstein

equation as

R~’~— ~ RwP = 2@~ 2Thov ~ K

One can take this as the definition of the “total” energy—momentum tensor e.
The linear Ricci tensor is given by

1 ~2h~
R~’~= — + ~‘ — p — ~1~’ (3.17)

~“ 2 3x’3x0 3x~’0x~ ax” 3x0 e3x’’0x~

where the indices are raisedandlowered using the flat Minkowski metric. Using
this expressionfor R~,it is straightforwardto calculatethe total energydensity
for our solution

1 32e4 02eB
—~— +(D—3)—----~—. (3.18)

In four dimensions A = 0 and B = —E, we thus find

@Ø() = ~ ~2~(x). (3.19)

Wesee that the net energy density outside the string core vanishes as a result of a
precise cancellation between the graviton,dilaton andaxion as expectedfrom the
quantum calculation in the lastsection.

In higher dimensions, the metric is asymptotically flat; as a result we can express
the total energy of the solution in terms of a surface integral that dependsonly on
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the asymptoticpropertiesof the metric. From eq.(3.16)we have

1

mass/length = fd~)_2x@0() = ~fdx[ R~—

1 ah.. ah.. ah11
= —I —v — —~ — —- n’r’~

3df2
0~. (3.20)

2K
2 ax~ ax’ ax’

This definition gives the ADM massperunit length. This is the quantitythat will
enterinto our laterdiscussionof the generalizedpositivemasstheoremandglobal
supersymmetryalgebrain the backgroundof a macroscopicstring. Substitutingour
solution in this expressiongives

1 aeA aeB
mass/length= — —5f —i- + (D —

3)—T- d.Z’. (3.21)
~9M ax ax

Using the fact that A + (D — 3)B = —E and the asymptotic form of E we seethat
the ADM massperunit length is identical to the string tension~.

Before ending this section, we would like to point out some similarities and

differencesbetweenour stringsandthe stringy cosmicstringsdiscussedby Greene
et al. [3, 16]. Unlike the stringy cosmic strings our solutions exist in arbitrary
dimensionsand describemacroscopicfundamentalstrings. In four dimensionswe
can expressthe antisymmetric tensorfield in terms of a pseudoscalarby a dual
transformationand then combine the axion, dilaton and the dilatino into a
complex superfield. We can then cast our solution as a cr-model string [17] in
N = 1 supergravitywith theKählerpotentialK(~P,J*) = — ln(1 + 17*). ThisKähler
potential definesa metric of constantnegativecurvatureon the upper-halfplane
whose complexcoordinateis u = B — i e~, where B is the axion field related to
H,~

01,by c’’
0t~’a~B= e_24H0~~~~.To solve the sigma-modelfield equationsit is

sufficient to takeu to be a holomorphicor anti-holomorphicfunction of xt + a2.
This condition ensuresthat the spatial componentsof the energy—momentum
tensorvanish. To match the source the appropriateholomorphic solution for a
singlestring is given by eq. (3.13b)andfor a multi-string by eq.(3.14b).Wereit not
for the singularityat a finite distancewe could derive a Bogomol’nyi boundin the
mannerdescribedin ref. [17]. Moreover,the holomorphicsolutions (3.13b) and
(3.14b)are locally supersymmetric.The Kählerpotential usedby Greeneet al. [3]
is the sameas abovebutwith a crucial differencein the interpretation.They take
as the dilaton componentof the superfield the internal dilaton that arisesfrom
compactification,whereasours is the space-timedilaton. As a result, they have
modularinvariancein the targetspaceandthe targetspaceis themoduli spaceof
the torus andnot the upper-halfplane. This changesthe characterof the solution
completely.Theresolution “decompactifies”at infinity, whereasour solution hasa
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nice asymptoticlimit (in D > 4). Also, we havean exactmulti-string solutionsfor
any numberof stringswhereastheyhaveexactsolutionsfor a maximumof twelve
strings.The supersymmetricpropertiesof our solution for D > 4 will be discussed
in the following two sections.

4. Killing spinors, space-timesupersymmetryand fermion zero modes

The bosonic lagrangianof eq. (3.2) can be coupled to fermionic matter via
supergravitytheories.For example,onecould think of it as the bosoniccontentof
N = 1, D = 10 supergravity.Then, as we show below, the solution presentedin
sect. 3 admits Killing spinors, or in other words, constitutesa supersymmetric
purely bosonic background.The lagrangian(3.2) can also be used to describe
the (graviton, scalar field, pseudoscalarfield) sectorof N = 4, D = 4 supergravity,

with the pseudoscalarfield, B, given in terms of the antisymmetric tensor by
= e24’H0~0..Again, the solution of sect. 3, with all the other fields in

the theoryset equalto zero, providesa supersymmetricsolution.The proof in both
casesis by inspection;herewe presentthe detailsfor the first case.

The lagrangiandensityof N= 1, D = 10 supergravityas given in ref. [181can be
written, after suitable redefinitionsof the bosonic matter fields, in the following
way:

~ ~B + -1’F + ~ , (4.1)

where _/~ is given by eq. (3.2) with D = 10, —~‘F is the free lagrangianfor the
spin-i field A andthe spin-~field

~F ~ (4.2)

and ~‘i is the interactionpiece,all whoseterms are at least quadraticin Fermi
fields. It is obvious that g,~

0, 4, ~ as given by eq. (3.6) and = A = 0 is a
solitonic solution to the classical field equations.We want to prove that this
solution is supersymmetric.Oneway to do this is to verify that the variationsof the
fields undera supersymmetrytransformationwith parameterc vanish.

Now, in a purely bosonic backgroundthe only fields whosevariations are not
zeroare the dilatino A andthe gravitino ~ for which

1
60A = — -~-—(~4)e+ 24v~K~ (4.3a)

= (1/K)1
5~�, (4.3b)

with ~ the supercovariantderivativein the bosonicbackgroundactingon spin-4
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fields,

= (ii~+A,0)e, (4.4)

= ~e~”
2 H

0~0.(y,.,0~~0.— 9 (4.5)

For the backgroundto be supersymmetricthe right-handsidesof eqs.(4.3a)and
(4.3b) haveto vanish.So for supersymmetryone has to solve the following two
equationsin c:

+ ~e ~ = 0, ñ,~e= 0, (4.6a, b)

whosesolutionsarecalled Killing spinors.
It is not difficult to seethat for the solution found in sect. 3 the equationsfor

the Killing spinorsreduceto

(F’a~ed’~/
2)(1+F

011)e = 0. (4.7)

[a0—~(Fia~.e~)r0(1+10F1)}e =0, (4.8a)

[a1+ ~(T ~e
4~)F

0(1+FoFi)Ie = 0, (4.8b)

(a, + 4[(a,~,0)— ~F1(r’a~,4~)](1+F0F1)}e_34s/8c = 0, (4.8c)

where ~ is given by eqs.(3.6),(3.13a)with D = 10, and 10 denotethe gamma
matricesin flat space-time.The solution to eqs.(4.7, (4.8a—c) is

E=e
3’~’~”E

0, (4.9)

with c~a constantspinor satisfying(1 + 10F1)c0= 0. This last condition is not
satisfied by all the supersymmetries,which amountsto sayingthat the solitonic
backgroundhas partiallybrokensupersymmetry.

To discussthis partial breakingof supersymmetryand what it implies for the
fermion zero modeswe look at eq. (4.7), which came from vanishing of the
variation of the dilatino. In D = 10, ~ is Majorana—Weyl and therefore has
definite chirality, I~)F~... [‘9 = — 1 say. It then follows that the transverseor SO(8)
chirality andthe chirality along the string are correlated,that is [‘0[’1 = .. . 19.

This, togetherwith (4.8a—c),implies that the supersymmetriesof the macroscopic
string solution are thosewith negativechirality in the transversedirections.Those
supersymmetrieswhich do not annihilatethe solution leadto fermion zeromodes
along the string. Thus the physical zeromodeswill be right-movingon the string
and will transform as a spinor of SO(8). By the argument given in ref. [19], the
low-energyaction for the coupledsystemof the transversestringcollectivecoordi-
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nates X’ and these fermion zero modes S~will be given by the Green—Schwarz
action in “static” gauge, (i.e. Xl = ci, X°= T). From this point of view, the string
super-coordinates are just the world-sheet Goldstone bosons and Goldstone
fermions associatedwith the brokentranslationalinvarianceandglobal supersym-
metry.

Here we started with N = 1 supergravity and we obtained a chiral
Green—Schwarz superstring as the solution. If we had started with N = 2 super-
gravity we would havefound twice as many fermion zero modesandwould have

obtained type-hA or type-IIB superstringsdependingon the chirality of the
original supergravity theory*. We thus find a satisfying picture of how the
Green—Schwarzfermions of the first quantized string theory are described in
terms of low-energyfields.

5. Bogomol’nyi inequality

Partial breaking of supersymmetry is related to the existence of central charges
in the global supersymmetry algebra. In what follows we prove that the supersym-
metric solution of the N = 1, D = 10 supergravityequations discussed in the

previous section has a central charge T responsiblefor the breakingof supersym-
metry. The existenceof such termswasfirst discussedin ref. [19] in the contextof
cosmicstring solutionsin globallysupersymmetrictheories;in the caseof extended
objects their relationto a Wess—Zuminoterm in the effectiveactionwasstudiedin
ref. [20]. We will use the techniquesof refs. [21] and [22] to derive from the

centrally extendedsupersymmetryalgebraa Bogomol’nyi inequality for a general
class of solutions. We will further show that for our solution this inequality is
saturated.Since, as pointed out in ref. [21, the solutionsof ref. [21] may also be
consideredas solutionsof the string-field equationsthe methodswe are about to
describewould seemto havea rather wider rangeof applicability than the case
discussedbelow.

Let us consider N = 1, D = 10 supergravity.Sincewe are interestedin discussing
stringlike solutions,we will considera generalclassof spacesthat are translation-
ally invariant in onedirection, sayalong the x’ direction. The supercharge per unit
length Q[�’] associatedto a supersymmetiytransformationof commuting spinor
parameter e’ is then

= ~ (5.1)

with .~ an eight-dimensional spacelike surface. If we now vary Q[�’] under a
supersymmetrytransformationwhoseparameteris anothercommutingspinor e we

~ We would like to thank A. Stromingerfor usefuldiscussionson this point.
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obtain

= 4f N~0d~
0=4JV~N~0d~O, (5.2)

where

N”
0 = ~‘y~~0~DE (5.3)

is Nester’s form [23] and 15,9 is the supercovariantderivative. Here we are
interestedin bosonic backgrounds,for which D,, is given by eqs. (4.4) and (4.5).
After considerablealgebrawe find that the divergenceof Nester’s form can be
written as

V~N’’0 y’’~~De+ K2(~
0.A) yO(6�A)

— 4[GOP — K
2T0~~(~J,H)}~’y~e— +e~”2(V

0.e_
4H0.0~1)~~ypE,(5.4)

where G”~is the Einsteintensorand T”~(çb,H) is the energy—momentumtensor
of the scalarfield and the antisymmetrictensorfield.

We next evaluatethe integrals entering in eq. (5.2) for a general class of

solutions;thosewith the following fall-off at infinity (r —* cc):

ds2 r 2[dt2+(d~l)21 +v2dxdx, (5.5a)

3M 1M
(5.5b,c)

4r 4r

6Z V
H=—~-drAdtAdx’, 4=———~, (5.5d,e)

r 2r

where M is proportional to the ADM mass per unit length and Z and V are
arbitrary. This behaviouris required by the finiteness of the action (3.1), or
alternativelyby the field equationsat infinity. Assumingthat e’ —~ e~and c —~ E

0 as
r —~ cc, with c~and E~constant commutingspinors,we get on the one hand that

4 4—~fN~0dZ,~0=_~f Nmor
7dfl

7
K ~ K S

7atr-’~

6w
7

(5.6)
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w7 being the area of the unit seven-sphere. On the otherhand,usingthe identity

J5�~y~LoPDE= (bkc’)~ (j5k~) — (yJ151E’)~(YkISkE) (5.7)

and the field equations G’’
0 = K2T~L0 and V~~ = 0 we have

fV~~N~’0d~
0= f~_goohd8x{(y3151e’) (ykl5f)

_(nkclY(15kE) K2(~0.A) (~A)}, (5.8)

whereh,~is the metric on any spacelikesurface(not necessarilyat infinity). Using
eqs.(5.2), (5.6), and (5.8), and taking c = e’ we obtain

ZF011)e0= —~fi/—g00hd8x{K2(6�A)+(ô�A) + (~kc)~ (15k~)

- (yJ15�)~(ykn~)} (5.9)

The first two terms on the right-handside arenonnegativefor commutingspinors,

and the third one vanishes if the Witten condition[24] is satisfied, i.e.

y’4,�=0. (5.10)

We thus have the inequality

6w7

(5.11)

provided eq. (5.10) holds. Using the fact that [‘~[‘~ has eigenvalues±1we
conclude that if condition (5.10) is satisfiedthen

M>IZI, and

M= IZI D1=0, (5.12)

which is a Bogomol’nyi-type inequality. The central charge T is proportionalto Z
and is determinedby the behaviourof the solutions at infinity, as in standard
supersymmetiy. In fact, Z is given, up to a constant, by the integral of the dual of
the three-form H of eq. (5.5d) over a seven-sphere at infinity,

f *HZW (5.13)
S

7at r—’oo

Its absolute value Z~gives the Bogomol’nyi lower bound for the mass.
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It is important to understand that Z, or equivalently T is not the central charge
appearingin ordinaryN-extendedsupersymmetry,but somethingelse.To seethis,
let us look at the commutatorof two superchargesassociatedto two supersymme-
try transformations of parameters e and ~‘:

{Q’[c], Qf[�l]} = 2~’~~’F”P0e+ e’U”c. (5.14)

Here i, j = 1,2,..., N, P0 is the momentum and U’~ is the matrix of central
charges, which is skew-symmetric, U’~= — Ui’. Now, the solutions of the N = 1,
D = 10 supergravityequationsthat we areconsideringare flat at spatial infinity, so
an anticommutation relation of type (5.14) holds at r —~ cc, p0 then has to be
interpreted as momentum per unit length at spatial infinity, or in other words as
the ADMmomentum per unit length. Since the metric (5.5a—c) is static, the only
nonvanishing component of the ADM momentum P0 is the zero-componentor
energy, which as shown in sect. 3 coincides with the string tension and is given by
3Mw7/K

2. This, together with the fact that U = 0 for N = 1, D = 10, leads to

{Q[E], Q[c’]} = 6(w
7/K

2)ME,’,~E
0, (5.15)

where e —* c~and e’ -~E(~ as r —‘ cc

Now, from eqs. (5.2) and (5.6) it follows that

~0Q[E’] = (Q[e], Q[~’]}= 6(w7/K2)E~( M + Z1011)�0, (5.16)

which does not look like the usual D = 10, N = 1 supersymmetry algebra. The
reason is that Q[�] is not the supercharge but the supercharge per unit length. If
we dimensionally reduce to nine dimensions then we have N = 1 supersymmetry
and Q[E] is like the usual supercharge. Wecan rewrite eq. (5.16) as

{Q[�], Q[e’]) =

2ET’~
0E+ ~‘Tc. (5.17)

This is the D = 9, N = 1 supersymmetry algebra with a central charge T = 6Zw7/K
2

that is responsible for the partial breaking of supersymmetry. Note that in nine
dimensions even the N = 1 supersymmetry algebra admits a central charge because
the F,~matrix is symmetricin the Majoranarepresentation.

If we take a supersymmetricsolution and set c = E’ then ~Q[e] vanishes, which
from eq. (5.16) implies that

�~(M+ZF~F)e
0=0. (5.18)

This is the condition for bosonic solutionswith behaviourat spatial infinity given
by eq. (5.5) to be supersymmetric.If Z is zero thereis no such supersymmetric
bosonicbackgroundsincethen theonly solution to eq.(5.18)is c,, = 0. For nonzero
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central chargeeq. (5.18) has nontrivial solutions which correspondto partially
brokensupersymmetry.A three-formH with the fall-off at infinity of eq. (5.5d) is
typically producedby a cosmicstringsourcealongthe x1 axis of the type discussed
in sects.2 and 3. Theprecedingargumentrevealsthen the sourceas the causeof
the partial breakingof supersymmetiy.

Eq. (5.12) tells us that the Bogomol’nyi bound is saturatedby supersymmetric
solutions.A nice illustrationof this is providedby the cosmicstring backgroundof
sect.3. This solution has M = Z and in sect. 4 was proved to be supersymmetric.
However, one still has to checkthat the string sourcedoesnot contributeto the
right-handside of the Bogomol’nyi inequalityvia the field equations,

KfM~0~00 d~
0= 0. (5.19)

Using (3.4a—c) for the last two terms on the right-hand side of eq. (5.4) and the
expression for the energy—momentum tensor of the source, the left-hand side of
eq. (5.19) canbewritten as

4~fd8x e
3’~”43(8)(x) ~(1 + [‘~F~)�, (5.20)

that reproducesthe condition(4.7) for supersymmetry,soeq.(5.19) holds.

6. Discussion

We have seen that a low-energy analysis of the structure of marcroscopic

superstringsrevealsa rich structurewith manyparallelsin the theoryof supersym-
metricsolitons.Although we haveworkedonly to lowest order in a’, the nonrenor-
malizationof themassof thesestatesdiscussedin ref. [15] andin sect. 2 suggests
that thesefeatureswill persist to all ordersin a’. We presumethat thereexist
superconformalfield theorieswhich describeexactly the solutions that we have
analyzedhere in the low-energyapproximation.It would be interestingto know
how the existenceof exact multi-string solutionsand the Bogomol’nyi bound are
manifested in the properties of these superconformal field theories. Just as the
self-dualYang—Mills equationsandthe Bogomol’nyi equationshavea rich mathe-
matical theoryassociatedwith their solutions,involving topicsas diverseastwistors
and integrablesystems,we may expect that the constructionof superconformal
field theoriescorrespondingto exact multi-string solutions of superstringtheory

will also revealrich new mathematicalstructures.

This work wassupportedin part by NSF grantPHY8O-19754.JAH alsoacknowl-
edgesthe support of PYI grant PHY86-58033 and the A.P. Sloan Foundation,
FRRwas supportedby ConsejoSuperiorde InvestigacionesCientificas (Spain).
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Appendix A

THE TWO-POINT FUNCTION AND MASS SHIFT

In this appendixwe explicitly evaluatethe two-point function which gives the
massshift for the macroscopicstring statesdiscussedin sect. 2 andshow that it
vanishesat one-looplevel. The amplitudeis given by

- d(WP) a —E tvol(kerPl)1dv2Z[P](T)Z(T)
(a,~) ~

~ (A.1)

Here d(WP) is the Weil—Peterssonmeasureover the genus-gmoduli space ‘
4’g

andwe have summedover the spin structures(a, /3). Z[~}(r) and ~(~) are the

partition functionsin the right andthe left sectorsrespectively.(VV> denotes the
correlationfunction of the vertexoperatorsfor a given point in the moduli space
obtained by integrating over only the matter fields,

The various correlationson a Riemann surfaceof genus g can be readily
evaluated. The fermion propagator is given by the S~egoKernel

= ~ 1~PI2IT),

Ia 1 ~[](P
12IT)S[/3 (r’l2~T) = a (A.2)

E(P121T)

where ‘r is the period matrix, E(VIT) is the prime form and i~[~](r~~-)is the usual

i~ functionwith characteristics.
The bosonic part of the vertexoperator looks very similar to that for a gauge

boson, except that for a winding state k * k. This meansthe path integral over
X(~,i) should be performed over a Riemann surface with a branch cut running
from (~l, i~)to (v2, v2). We should integrate over the field configurationswith
winding number4(k, — k,) aroundthe point (r’,, 1,). A quicker way to evaluate the
correlations is to use factorization of higher genus partition function [25]. The
partition function for the variable X

1 on a genus-gsurface~ is given by

z(R) = Z~~(R)Z~h1

~ exp{i7r(p’rp—~’F’~)),
(p, j5) E

8~,2det’zl
~qh1 = . (A.3)

fd2~~
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Here R is the radius of the circle on which X1 lives, p and ~5are the left and
right-moving momenta running through the loops and lie on the lattice ~ ~tg is
the scalar laplacian on the surface ~~g’

By considering the partition function on a degenerate Riemann surface where
an appropriate number of handles pinch off we can obtain the n-point function A,,
on a lower genus Riemann surface:

A~(k
1,~,; v~,—~~)= (ñelk, X’(o,) elk,

= ~E(vijlrY kJE(~,1I~y~~i~[ki](V 1/SIT,~),

~jT, ~) = ~ ~exp{i~[(P ‘r ~p) - (~ . ~

+2~i[(p. Ek~f’w)- (~.~k1f~)]}~(A.4)

wherew,(z) are the abelian differentials. For the noncompact dimensions we have
the usual result

(flelk X(o~.~~))= flF(v,JIT)k~k, 2
i,i i<j

F(v~/r)=E(Pi1IT)exP{_~Imf’w(ImTY’ imf’~w}. (A.5)

With these correlations we are ready to evaluate the amplitude. For concreteness,
let us consider the one-loop amplitude. The Weil—Petersson measure for the torus

is d
2r/(Im ~~)2 where the integration in r is over the fundamentalregion TI ?~1,

Im T> 0 and — 4 ~ ReT ~ 4. The integrationin v~is overthestrip 0 ~ Tm v, ~ Im r
and — 4~ReTI~4. We can cancel vol(kerP

1) against fd
2((v

1+ v2)/2) and set

= 0 by usingthe singleconformalKilling vectoron the torus,Substitutingthese

in eq. (A.1) we get the following result for the spin-structure-dependentpart

A(~i,ki,~i)Itorus= ~ f d
2r Z[J(T) . ~(flJd2vj

2 E(P12IT)~k2

(a,f3)

x ~(F12I~)kk2(S[~ ](v121T)) ~ ‘k2~2‘k1 — ‘~2k1‘k2)

‘2~,’(Im~)2 k , k
x exp~ 12 E1E2~ I _2 (v12,F121r,fl. (A.6)

Imr k1, k2
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To seeif singularitiesnear v12 = 0 arise in our casewe can evaluatethe function

~[~::~J~12~ ~12IT,~ in the limit R cc by turningthe suminto an integral:

k1, k2 — — 2ir (Im v12)2 (Re0i2)
2R2

~ ~‘ k~(v
12,v121T,r) exp\,j— R

2 — __________ — £ Imv Rev

(A.7)

Let us look at the v~integral. In order to analyticallycontinuethe integrandin
k
1 ‘k2 we take (k1 + k2) =p and let p

2/2 = k~‘k
2 tend to zeroonly at the endof

the calculation. We cannot continue ~ k2 independentlybecausethe total
winding numbermustbe conservedto satisfy the geometricrequirementthat the
Riemann surfaceis properly branched.This means (k~ +k2) =p, i.e. ki k2 =

(k1 ‘k2 — 2). We canalso usethe following expansionsin the region ~12 ‘kZ 1

E(vI2IT)k2~ (v12)kl k2 S[~](PIT) + 0(v12). (A.8)
i.’12

Puttingit all togetherwe get the following expressionfor the v l2 integral:

fd2vi2 IE(vl2IT)I2kk2(S[~](vl2IT)) (E(~IT))
2

~Ivi
2I

2R2 2’ri Im i.’

12 Re v1~Xexp{_ 2ImT — ImT }‘ (A.9)

f2Imr/~R
2pdf~do2k k.’{ 212j0 + c[~I}{

2
1_

210+ 0(1)).

By performing the integral we see the spin-dependentpart approachesa finite
value as k1 ‘k~—* 0. Since the kinematic factor goes to zero as k1 . k2 —‘ 0, the
two-point functionvanishes,

We expect that this argumentwould generalizeto higher-genussurfaces,Any
possible singularitiescan come only from the region I~12I —~ 0, i.e. from short
distanceson the world-sheet.This will be insensitive to the topology, hence

independentof thegenus.
Thus, the massshift of thesemacroscopicstringstatesshouldvanishidentically

to all order in perturbationtheory.
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