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It is shown that a black hole of fixed mass can carry arbitrary axionic charge. The unique static
black-hole solution is found to have vanishing axion field strength but nonvanishing potential. The axion
charge cannot be detected by point particles, but can be detected by strings in a process analogous to the
Aharonov-Bohm effect. It is argued that the existence of axion charge may play a significant role in the

late stages of black-hole evaporation.
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It is well established that the only stationary vacuum
black-hole solutions of Einstein’s equation are the two-
parameter Kerr family labeled by mass M and angular
momentum J.! When gravity is coupled to other fields,
black holes may carry conserved charges of the system
which can be expressed as surface integrals at infinity.
These charges should characterize the final state of grav-
itational collapse. The obvious example is the case of
gravity coupled to the electromagnetic field. The con-
served charge (associated with electromagnetic gauge in-
variance) is electric charge.

There is another field to which gravity may be coupled
and whose charge can be expressed as a surface integral
at infinity. Consider a two-form (Kalb-Ramond) field B
whose field strength is the three-form axion field H =dB.
(Throughout this paper we will take the axion symmetry
to be exact. In superstring compactifications there are a
variety of potential axion fields and a variety of mecha-
nisms which could break the associated symmetries and
give mass to the axions. Our considerations apply to any
linear combination of axion fields which remains exactly
massless in the low-energy theory.) The action deter-

mining the dynamics of H in four dimensions is
1 * 1 A g4
=—— |HAN*H=—— |V —gH, ,wH"*d*x, (1)
167 J 167 J V=gt *

where the asterisk denotes the Hodge dual and we work
in natural units with h=c=G=1. H satisfies the Bian-
chi density

dH=0, 2)
and the equation of motion
d*H=0. 3)

The axion charge inside a two-surface X is given by

a=JB. @
Using H =dB, this may be written as
o= 4. s)

where V is a spatial three-surface with boundary X.
In this paper we demonstrate that there exist black
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holes (stationary solutions to the field equations of the
coupled gravitational-axion system) with nonzero axion
charge. We also discuss some implications of this result
for the late stages of black-hole evaporation and a means
for the measurement of this charge using strings.

The Kalb-Ramond field B has (D —3)(D —2)/2 physi-
cal degrees of freedom in D space-time dimensions by
virtue of the local invariance B— B+dA where A is a
one-form. Thus B has one physical degree of freedom in
four space-time dimensions and may also be described by
a single scalar field. Explicitly, Eq. (3) implies that the
dual of H is given locally by * H =d¢, with ¢ a free (i.e.,
non-self-interacting) massless scalar field. Thus the dual
description of the coupled gravitational-axion system is
simply gravity coupled to a massless scalar field. In this
dual picture the axion charge is

*
g=f H=["do=[ (D) mvreaic,  (©)

where n, is a unit vector normal to V.

At first sight it may seem unlikely that black holes can
carry axion charge. If one considers a free massless sca-
lar field in the vicinity of a black hole, one expects that
the scalar field either radiates to infinity or falls down
the black hole. In the case of spherical symmetry this
was proved in Ref. 2. Indeed, there are no static black-
hole solutions to the Einstein-scalar field equations where
¢ is not constant. (This was shown in Refs. 3 and 4. A
simple proof will be given below.) As discussed above,
the axion field H ., is locally equivalent to a scalar field.
Thus one expects H,,, will likewise either fall down the
black hole or radiate to infinity. This turns out to be
correct. This does not, however, mean that the black
hole cannot carry axion charge since, roughly speaking,
H,,, may be nonzero at the singularity. To be more pre-
cise, note first that if H,,, =0 the axion stress energy
vanishes, so the Schwarzschild metric is still an exact
solution. The Schwarzschild metric has topology
R?xS? and has a nontrivial generator of the second
cohomology group. Let the Kalb-Ramond field B be this
generator, normalized so that

¢B=q, (7)

for some real number gq. Explicitly, B‘,V=qew/47rr2,
where ¢,, is the induced volume form on the two spheres
of spherical symmetry in the Schwarzschild solution.
(We can, of course, always add to B the exterior deriva-
tive of a one-form A. Since this does not change the
charge, we will choose a gauge in which A vanishes.)

Thus we are led to the following solution for a static
black hole of mass M and axion charge g:

dr?

ds*=—(1—-2M +————+rida?

s ( /r)dt —amr aa-,
- (®)
B 4mr?
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We will prove a black-hole uniqueness theorem which
shows that (8) are the only static axionic black holes.
However, we first establish the following:

Proposition.— The only static black-hole solutions to
the coupled Einstein-free scalar field equations are
Schwarzschild with constant scalar field.

Proof.— Let V be a surface orthogonal to the timelike
Killing field &#, with inner boundary at the horizon Sy.
Let © guv be the induced metric on V, D, its covariant
derivative, and &*¢, = —22% Then a static scalar field
satisfies

D*o="g"v, V.0
=V2ip+r T2EHEWV,V 0

=—A2(EMV,E)V,p
=—1"'D*AD,¢. 9

Therefore, D*(AD,¢) =0. Let ¢o be the constant value
of ¢ at infinity. Multiplication by ¢ — ¢o and integration
over V yields

0=f (o—oD,0ds*~ [ AD*eD,0dv.  (10)

The boundary of V has two components. At the horizon,
the surface integral vanishes since A =0. (We are using
the fact that ¢ is finite on the horizon which is a conse-
quence of the regularity of the space-time geometry.* It
is interesting to note that for a conformally coupled sca-
lar field there exist black-hole solutions in which ¢ di-
verges at the horizon but the geometry remains non-
singular.®> Unlike the axionic black holes considered
here, the conformal scalar black holes are unstable.®) At
infinity, it vanishes since ¢ —¢o=0. Since the volume in-
tegral is manifestly nonnegative, we conclude that ¢ is
constant everywhere on V. Since ¢ is constant, the vacu-
um black-hole uniqueness theorem of Israel’ completes
the proof.

We can now prove the following theorem.

Uniqueness theorem for axionic black holes.— The
only static solutions to the Einstein-axion field equations
which have a regular event horizon, are asymptotically
flat, and have finite axion charge g are given by (8).

Proof.—Outside the even horizon, the space-time is
topologically R2x.S2. Since the first and third cohomol-
ogy groups vanish, the potential B and ¢ are both global-
ly well defined for any axion field H. Since the axion
field equations are equivalent to the field equations for
the massless scalar field ¢, one might be tempted to sim-
ply invoke the above proposition to conclude that ¢ =0
and hence H=0. This is, however, a subtlety. Recall
that

H=%*dy. 11)

A static axion field is one for which the Lie derivative of
H with respect to the timelike Killing field is zero. It



VOLUME 61, NUMBER 25

PHYSICAL REVIEW LETTERS

19 DECEMBER 1988

then follows from (11) that ¢=.L.¢ is constant. So a
static axion field does not necessarily correspond to a
time-independent ¢. However, if ¢ is nonzero, then
Jvé =00 where V is as in the previous proposition. This
contradicts the assumption that the axion charge is finite.
Thus ¢ =0 and the above proposition shows that ¢ is con-
stant which implies H=0. The vacuum black-hole
uniqueness theorem then shows that the metric must be
Schwarzschild. The axion potential B must satisfy
dB=0 (since H=0). If B=dA for some one-form A,
the charge ¢ vanishes. Nonvanishing charge requires
that B be an element of the second cohomology group.
Q.E.D.

It is clear that one can add axionic charge (in the
above manner) to any solution to Einstein’s equation,
vacuum or not, defined on a manifold M with H2(M)
#0. In particular, the Reissner-Nordstrom and Kerr-
Newman solutions can have nonzero axion charge. It is
also clear that the above uniqueness theorem easily ex-
tends from the static to the stationary case to prove
uniqueness of these black-hole solutions as well.

A peculiar feature of the above solutions is that the
axion charge does not gravitate since the space-time
metric is independent of q. The topological nature of the
above construction might make one fear that the possi-
bility of arbitrarily large g for fixed M is an artifact of
the maximally extended Schwarzschild solution. It
seems likely, however, that such a solution could arise
during collapse from nonsingular initial conditions. Con-
sider spherically symmetric initial data consisting of an
ingoing axion field of amplitude € spread over a volume
v. By taking € small and v large one can make the
charge g large keeping the total mass M fixed. Under
evolution it is plausible that this regular initial data will
collapse to form a black hole of the above type.

Now we have established the existence and uniqueness
of black holes with an axion charge, we turn to a discus-
sion of their possible physical consequences. At first
sight it appears difficult to measure, even in principle,
the axion charge of a black hole. The reason for this is
that gauge-invariant couplings of matter to axions typi-
cally involve only the gauge-invariant field strength H,,,
and H,,, =0 outside the black hole. The obvious excep-
tions to this are strings. The coupling of axions to
strings takes the form®

Sp =1 T [ a0 VhB(X(0))e?, X3, X", (12)

where T is the string tension, X is the string world sheet,
and A is the world-sheet metric. Such a coupling occurs
for fundamental strings and may also occur for axionic
cosmic strings.

Consider the propagation of a string in the vicinity of
an axion-charged black hole. If the string world sheet is
the boundary of a three-surface V not intersecting the
singularity of the black hole, then by the Poincaré lem-
ma we can write B=dA for a one-form A defined every-

where on V. In this case the coupling in (12) becomes a
total derivative

Sp=7% TLdzoﬁVa(eababXVAv) , (13)

and the axion charge has no effect on string propagation.
It is clear that if the string is to see the axion charge, its
world sheet should encircle the hole, i.e., its world sheet
should be in the nontrivial second homology class. An
example of such a world sheet is shown in Fig. 1. We
can therefore measure the charge on the black hole, at
least in principle, by creating a pair of strings at A, al-
lowing one of them to lasso the hole and the other to
avoid the hole, and then interfering them at point B.
The action for such a process is just So+.Sg, where Sy is
the action for the corresponding process with no axion
charge on the black hole. Reinstating factors of the
Planck mass, Mp, we find that the axion charge on the
black hole leads to a relative change in phase g7/ M7 be-
tween the strings when they are compared at point B.
(As discussed in Refs. 9 and 10, there is a quantization
condition on the charge flowing through a homologically
nontrivial three manifold. However, in the case we con-
sider there are no such manifolds, and so no such condi-
tion modifies our argument.) Clearly, such an experi-
ment will be exceedingly difficult to perform.

The analogy between this effect and the Aharonov-
Bohm effect should be clear. In the case of the Aha-
ronov-Bohm effect we have a vector potential A4 satisfy-
ing dA =0 everywhere outside of a solenoid, i.e., d4=0
everywhere on a manifold M of topology A2xR? (42 is
the annulus). The only way to measure the magnetic
flux in the solenoid from the outside is to do an interfer-

A

FIG. 1. Illustration of a world sheet that encircles a black
hole H. The projection of the world sheet onto a spacelike sur-
face V is shown.
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ence experiment involving a particle path that is non-
trivial in H,(M). Likewise, in the case of the axionic
black hole we do interference using a string world sheet
nontrivial in H,(M).

The solutions considered here have other interesting
consequences. As already noted, one peculiar feature of
axion-charged black holes is that a black hole of fixed
mass can carry arbitrary positive or negative axion
charge. In particular, it is classically possible to have a
very small mass black hole with nonzero axion charge.
This is in contrast to the situation for, e.g., electric
charge. It is therefore impossible to make the electric
charge e large relative to the mass M since an unphysical
naked singularity is encountered for e > M.

This situation may have qualitative implications for
the process of Hawking evaporation. The semiclassical
calculation of black-hole radiation is unaffected by the
axion charge since point particles do not couple to B but
only to H. (By contrast, electrically charged black holes
preferentially radiate particles to neutralize the charge.)
Thus a black hole will evaporate as before until its mass
is on the order of the Planck mass. At this point it will
generically have an axion charge which is very large
compared to its mass. String or other quantum gravita-
tional corrections to the evaporation process should then
become important and may well be affected by the axion
charge. However, macroscopic causality and energy
conservation place upper bounds on the amount of axion
charge that a finite mass black hole can lose in the form
of outgoing radiation in a finite amount of time. Thus a
Planck-mass black hole with a large axion charge cannot
totally evaporate by the Hawking process. This invali-
dates the simplest arguments in favor of coherence loss
by black holes since they assume that the black hole
evaporates completely and leaves no remnant in the final
state.

An intriguing possibility is that the axionic instantons
discussed in Ref. 11 could play an important role in the
late stages of black-hole evaporation. Since wormholes
couple to the axion field (the general formula is given in
Ref. 11), it is possible that a Planck-mass black hole
could evaporate completely with the axion charge being
swallowed by the wormhole. '

Note added: F. Wilczek has pointed out that, since
the electromagnetic Aharonov-Bohm effect persists in
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the presence of symmetry breaking, our Aharonov-Bohm
effect might also survive Peccei-Quinn symmetry break-
ing and be relevant in a theory with massive axions. We
also note that the axion charge described here could, in
principle, be carried by fundamental particles if the
singularity in H at the origin is smoothed out in some
more fundamental theory such as string theory.
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